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Common Fixed Point Theorems for
Finite Number of Mappings without

Continuity and Compatibility on
Fuzzy Metric Spaces

Sushil Sharma and Bhavana Deshpande

Abstract. The aim of this paper is to prove some common fixed
point theorems for finite number of discontinuous, noncompatible
mappings on noncomplete fuzzy metric spaces. We improve ex-
tend and generalize several fixed point theorems on metric spaces,
uniform spaces and fuzzy metric spaces. We also give formulas
for total number of commutativity conditions for finite number of
mappings

1. Introduction and preliminaries

There have been several attempts to formulate fixed point theorems
in fuzzy mathematics after investigation of the notion of fuzzy sets by
Zadeh [35]. From amongst several formulations of fuzzy metric spaces,
Grabiec [4] followed Kramosil and Michalek [12] and obtained fuzzy
version of Banach contraction principle.

The notion of weak commutativity as an improvement of commuta-
tivity was introduced by Sessa [22]. Jungck [8] enlarged this concept
to compatibility and later weak compatibility [11].

The notion of compatible maps in fuzzy metric spaces has been
introduced by Mishra et. al [13], compatible maps of type (α) by
Cho [1] and compatible maps of type (β) by Cho, Pathak, Kang and
Jung [2].

Mishra, Sharma and Singh [13] extended, generalized and fuzzified
several known fixed point theorems for contractive type maps on metric
and other spaces by using condition of compatibility and continuity of
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one map in each compatible pair to prove fixed point theorem for four
maps in complete fuzzy metric spaces.

There after many authors proved the result for four, five or six map-
pings in complete fuzzy metric spaces by using either condition of com-
patibility or compatibility of type (α) or compatible maps of type (β)
and continuity of two or more mappings. (Cho [1], Cho, Pathak, Kang
and Jung [2], Sharma [24, 25], Sharma and Deshpande [26] and many
others).

Number of these theorems are very useful but their hypothesis are
very difficult to satisfy as they require continuity and compatibility of
involved mappings.

There are so many functions which are not continuous but have a
fixed point.

For example the function f defined on R by

f(x) =

{
0, x ≤ 0,

1, x > 0.

This function f is not continuous at 0 but has 0 as a fixed point.
Another example is Dirichlet function defined on R by

f(x) =

{
1, if x is rational,

0, if x is irrational.

Dirichlet function is not continuous at any point but has 1 as a fixed
point.

These observations motivated several authors of the field to prove
fixed point theorems for noncompatible, discontinuous mappings.

Pant [14, 15, 16, 17] initiated the study of noncompatible maps and
introduced the notion of R-weakly commuting maps in [14]. He showed
that compatible maps are R-weakly commuting but converse need not
true.

Vasuki [34] defined R-weak commutativity in fuzzy metric spaces.
Sharma and Deshpande [27] proved fixed point theorem for four

mappings without assuming continuity, any type of compatibility and
any commutativity condition in complete fuzzy metric spaces.

In their papers, Sharma and Deshpande [28, 29] extended, improved,
generalized and fuzzified several results by proving fixed point theorems
for five and six mappings without assuming continuity and any type
of compatibility in noncomplete fuzzy metric spaces.

In this paper, we prove a common fixed point theorem for ten non-
compatible, discontinuous mappings in noncomplete fuzzy metric spaces.
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We also extend our results for finite number of mappings. We improve,
extend and generalize several fixed point theorems on metric spaces,
Menger probabilistic metric spaces, uniform spaces and fuzzy metric
spaces ([1, 2, 4, 5, 6, 7, 8, 9, 10, 13, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33]).

To prove existence of common fixed point for finite number of map-
pings some commutativity conditions are required. How many com-
mutativity conditions are required? We give answer of this question
by giving some formulas.

Definition 1 ([21]). A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is
continuous t-norm if {[0, 1], ∗} is an Abelian topological monoid with
unit 1 such that a∗b ≤ c∗d whenever a ≤ c and b ≤ d, a, b, c, d ∈ [0, 1].

Examples of t-norm are a ∗ b = min{a, b}, a ∗ b = a · b and a ∗ b =
max{a + b− 1}.

Definition 2 ([3]). The 3-tuple (X, M, ∗) is called a fuzzy metric space
if X is an arbitrary set, ∗ is a continuous t-norm and M is a fuzzy set
in X2 × [0,∞) satisfying the following conditions for all x, y, z ∈ X
and t, s > 0:

(i) M(x, y, t) > 0;
(ii) M(x, y, t) = 1 for all t > 0 if and only if x = y;
(iii) M(x, y, t) = M(y, x, t);
(iv) M(x, y, t) ∗M(y, z, s) ≤ M(x, z, t + s);
(v) M(x, y, •) : [0,∞) → [0, 1] is continuous.

In this paper (X, M, ∗) will denote a fuzzy metric space in the sense
of the above definition with the following condition:

(vi) limt→∞M(x, y, t) = 1 for all x, y in X.

Note that M(x, y, t) can be thought as the degree of nearness be-
tween x and y with respect to t. We identify x = y with M(x, y, t) = 1
for all t > 0 and M(x, y, t) = 0 with ∞ and we can find some topolog-
ical properties and examples of fuzzy metric spaces in [3].

In the following example, we know that every metric induces a fuzzy
metric.

Example 1 ([3]). Let (X, d) be a metric space. Define a ∗ b = ab or
a ∗ b = min{a, b} and for all x, y ∈ X, t > 0,

(i) M(x, y, t) =
t

t + d(x, y)
.

Then (X,M, ∗) is a fuzzy metric space. We call this fuzzy metric M
induced by the metric d the standard fuzzy metric.
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Lemma 1 ([4]). For all x, y ∈ X, M(x, y, ·) is nondecreasing.

Definition 3 ([4]). A sequence {xn} in a fuzzy metric space (X, M, ∗)
is called Cauchy if limn→∞M(xn+p, xn, t) = 1 for every t > 0 and each
p > 0. (X, M, ∗) is complete if every Cauchy sequence in X converges
in X. A sequence {xn} in X converges to x ∈ X if
limn→∞M(xn, x, t) = 1 for every t > 0.

Lemma 2 ([1]). Let {yn} be a sequence in fuzzy metric space (X, M, ∗).
If there exists a number k ∈ (0, 1) such that

M(y2n+2, y2n+1, kt) ≥ M(y2n+1, y2n, t)

for all t > 0 and n = 1, 2, . . . then {yn} is a Cauchy sequence in X.

Lemma 3 ([13]). If for all x, y ∈ X, t > 0 and for a number k ∈ (0, 1)

M(x, y, kt) ≥ M(x, y, t),

then x = y.

Definition 4 ([15]). Let (X, M, ∗) be a fuzzy metric space and let
A, B be self mappings of X. The mappings A and B are said to be
compatible if

lim
n→∞

M(ABxn, BAxn, t) = 1,

for all t > 0, whenever {xn} is a sequence in X such that

lim
n→∞

Axn = lim
n→∞

Bxn = z

for some z ∈ X.

Definition 5 ([11]). Two self maps A and B on a set X are said to
be weakly compatible if they commute at coincidence point.

Remark 1. (i) In [8, 10, 18] we can find the equivalent formu-
lations of definitions of compatible maps, compatible maps of
type (α) and compatible maps of type (β). Such maps are in-
dependent of each other and more general than commuting and
weakly commuting maps ([7, 22]).

(ii) Compatible or compatible of type (α) or compatible of type (β)
maps are weakly compatible but converse need not true [28].

On the lines of Pant [14] now we define pointwise R-weak commu-
tativity of mappings in fuzzy metric spaces:

Definition 6. Two self mappings A and B of a fuzzy metric space are
called R-weakly commuting at a point x in X if

M(ABx,BAx, t) ≥ M(Ax, Bx, t
R
)
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for some R > 0.
The mappings A and B are called pointwise R-weakly commuting if

given x in X there exists R > 0 such that

M(ABx,BAx, t) ≥ M(Ax, Bx, t
R
).

Definition 7 ([34]). Let (X, M, ∗) be a fuzzy metric space and let
A, B be self mappings of X. The mappings A and B are said to be
R-weakly commuting if there exists a positive real number R such that

M(ABx,BAx, t) ≥ M(Ax, Bx, t
R
)

for all x in X.

Remark 2 ([14, 15]). (i) Pointwise R-weak commutativity is a
necessary, hence minimal condition for the existence of com-
mon fixed points of contractive type maps.

(ii) Compatible mappings are necessarily pointwise R-weakly com-
muting. However pointwise R-weakly commuting maps need
not be compatible.

(iii) Weak compatibility of A and B is equivalent to R-weak com-
mutativity of A and B at their coincidence points.

In our theorems and corollaries (X, M, ∗) will denote fuzzy metric
space (FM -space) with

t ∗ t ≥ t for all t ∈ [0, 1].

2. Main Results

Theorem 1. Let (X, M, ∗) be an FM-space. Let A, B, S, T , I, J ,
L, U , P and Q be mappings from X into itself such that

(1.1) P (X) ⊂ ABIL(X), Q(X) ⊂ STJU(X);
(1.2) there exists a constant k ∈ (0, 1) such that

[1 + aM(STJUx, ABILy, kt)] ∗M(Px,Qy, kt)

≥ a[M(Px, STJUx, kt) ∗M(Qy,ABILy, kt)

+M(Qy, STJUx, kt) ∗M(Px,ABILy, kt)]

+M(ABILy, STJUx, t) ∗M(Px, STJUx, t) ∗M(Qy,ABILy, t)

∗M(Qy, STJUx, αt) ∗M(Px,ABILy, (2− α)t)

for all x, y ∈ X, a ≥ 0, α ∈ (0, 2) and t > 0;
(1.3) if one of P (X), ABIL(X), STJU(X), Q(X) is a complete

subspace of X then
(i) P and STJU have a coincidence point; and
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(ii) Q and ABIL have a coincidence point.

Further if

(1.4) AB = BA, AI = IA, AL = LA, BI = IB, BL = LB, IL =
LI, QL = LQ, QI = IQ, QB = BQ, ST = TS, SJ = JS,
SU = US, TJ = JT , TU = UT , JU = UJ , PU = UP ,
PJ = JP , PT = TP ;

(1.5) the pairs {P, STJU} and {Q,ABIL} are weakly compatible,
then
(iii) A, B, S, T, I, J, L, U, P and Q have a unique common fixed

point in X.

Proof. By (1.1) since P (X) ⊂ ABIL(X) for any point x0 ∈ X there
exists a point x1 in X such that Px0 = ABILx1. Since Q(X) ⊂
STJU(X), for this point x1 we can choose a point x2 in X such that
Qx1 = STJUx2 and so on. Inductively, we can define a sequence {yn}
in X such that for n = 0, 1, 2, . . .

y2n = Px2n = ABILx2n+1 and y2n+1 = Qx2n+1 = STJUx2n+2.

By (1.2), for all t > 0 and α = 1− q with q ∈ (0, 1), we have

[1 + aM(y2n, y2n+1, kt)] ∗M(y2n+1, y2n+2, kt)

≥ a[M(y2n+2, y2n+1, kt) ∗M(y2n+1, y2n, kt)

+M(y2n+1, y2n+1, kt) ∗M(y2n+2, y2n, kt)]

+M(y2n, y2n+1, t) ∗M(y2n+2, y2n+1, t) ∗M(y2n+1, y2n, t)

∗M(y2n+1, y2n+1, (1− q)t) ∗M(y2n+2, y2n, (1 + q)t)

≥ a[M(y2n, y2n+1, kt) ∗M(y2n+1, y2n+2, kt)]

+M(y2n, y2n+1, t) ∗M(y2n+1, y2n+2, t) ∗M(y2n, y2n+1, qt).

Thus it follows that

M(y2n+1, y2n+2, kt) ≥M(y2n, y2n+1, t)

∗M(y2n+1, y2n+2, t)∗M(y2n, y2n+1, qt).

Since the t-norm ∗ is continuous and M(x, y, ·) is continuous, letting
q → 1, we have

M(y2n+1, y2n+2, kt) ≥ M(y2n, y2n+1, t) ∗M(y2n+1, y2n+2, t).

Similarly, we also have

M(y2n+2, y2n+3, kt) ≥ M(y2n+1, y2n+2, t) ∗M(y2n+2, y2n+3, t).

In general, we have for m = 1, 2, . . .

M(ym+1, ym+2, kt) ≥ M(ym, ym+1, t) ∗M(ym+1, ym+2, t).
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Consequently, it follows that for m = 1, 2, . . . , p = 1, 2, . . .

M(ym+1, ym+2, kt) ≥ M(ym, ym+1, t) ∗M(ym+1, ym+2, t/k
p).

By noting that M(ym+1, ym+2, t/kp) → 1 as p → ∞, we have for
m = 1, 2, . . .

M(ym+1, ym+2, kt) ≥ M(ym, ym+1, t).

Hence by Lemma 2, {yn} is a Cauchy sequence in X. Now sup-
pose STJU(X) is complete. Note that the subsequence {y2n+1} is
contained in STJU(X) and has a limit in STJU(X) call it z. Let
w ∈ STJU−1(z). Then STJUw = z. We shall use the fact that
subsequence {y2n} also converges to z. By (1.2), with α = 1 we have

By putting x = w, y = x2n+1 in (1.2) with α = 1 and taking limit
as n →∞ we have

M(Pw, z, kt) ≥ M(Pw, z, t).

Therefore by Lemma 3, we have Pw = z. Since STJUw = z thus
we have Pw = z = STJUw that is w is coincidence point of P and
STJU . This proves (i).

Since P(X) ⊂ ABIL(X), Pw = z implies that z ∈ ABIL(X). Let
v ∈ ABIL−1z. Then ABILv = z.

By putting x = x2n+2, y = v in (1.2), with α = 1 and taking limit
as n →∞ we have

M(Qv, z, kt) ≥ M(Qv, z, t).

Therefore by Lemma 3, we have Qv = z. Since ABILv = z, we
have Qv = z = ABILv that is v is coincidence point of Q and ABIL.
This proves (ii).

The remaining two cases pertain essentially to the previous cases.
Indeed if P (X) or Q(X) is complete then by (1.1), z ∈ P (X) ⊂
ABIL(X) or z ∈ Q(X) ⊂ STJU(X). Thus (i) and (ii) are completely
established.

Since the pair {P, STJU} is weakly compatible therefore P and
STJU commute at their coincidence point that is P (STJUw) =
(STJU)Pw or Pz = STJUz.

Since the pair {Q,ABIL} is weakly compatible therefore Q and
ABIL commute at their coincidence point that is Q(ABILv) =
(ABIL)Qv or Qz = ABILz.

By putting x = z, y = x2n+1 in (1.2) with α = 1 and taking limit as
n →∞ we have

M(Pz, z, kt) ≥ M(Pz, z, t).
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Therefore by Lemma 3, we have Pz = z. So Pz = STJUz = z.
By putting x = x2n+2, y = z in (1.2) with α = 1 and taking limit as
n →∞ we have

M(z, Qz, kt) ≥ M(Qz, z, t).

Therefore by Lemma 3, we have Qz = z, so Qz = ABILz = z. By
putting x = z, y = Lz in (1.2), with α = 1 and using (1.4), we have

M(z, Lz, kt) ≥ M(Lz, z, t)∗1∗1∗M(Lz, z, t)∗M(Lz, z, t) ≥ M(Lz, z, t)

Therefore by Lemma 3, we have Lz = z. Since ABILz = z therefore
ABIz = z. By putting x = z, y = Iz in (1.2), with α = 1 and using
(1.4), we have

M(Iz, z, kt) ≥ M(Iz, z, t)∗1∗1∗M(Iz, z, t)∗M(z, Iz, t) ≥ M(Iz, z, t).

Therefore by Lemma 3, we have Iz = z. Since ABIz = z therefore
ABz = z. Now to prove Bz = z we put x = z, y = Bz in (1.2), with
α = 1 and using (1.4), we have

M(z, Bz, kt) ≥ M(Bz, z, t) ∗ 1 ∗ 1 ∗M(Bz, z, t) ∗M(z, Bz, t)

≥ M(Bz, z, t).

Therefore by Lemma 3, we have Bz = z. Since ABz = z therefore
Az = z. To prove Uz = z, we put x = Uz, y = z in (1.2), with α = 1
and using (1.4), we have

M(Uz, z, kt) ≥ M(Uz, z, t) ∗ 1 ∗ 1 ∗M(Uz, z, t) ∗M(Uz, z, t)

≥ M(Uz, z, t).

Therefore by Lemma 3, we have Uz = z. Since STJUz = z therefore
STJz = z. To prove Jz = z put x = Jz, y = z in (1.2) with α = 1
and using (1.4), we have

M(Jz, z, kt) ≥ M(Jz, z, t) ∗ 1 ∗ 1 ∗M(Jz, z, t) ∗M(Jz, z, t)

≥ M(Jz, z, t).

Therefore by Lemma 3, we have Jz = z. Since STJz = z therefore
STz = z. To prove Tz = z put x = Tz, y = z in (1.2), with α = 1
and using (1.4), we have

M(Tz, z, kt) ≥ M(Tz, z, t) ∗ 1 ∗ 1 ∗M(Tz, z, t) ∗M(Tz, z, t)

≥ M(Tz, z, t).

Therefore by Lemma 3, we have Tz = z. Since STz = z therefore
Sz = z. By combining the above results we have

Az = Bz = Sz = Tz = Iz = Jz = Lz = Uz = Pz = Qz = z,
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that is z is a common fixed point of A, B, S, T, I, J, L, U, P and Q. The
uniqueness of the common fixed point of A, B, S, T, I, J, L, U, P and Q
follows easily from (1.2). This completes the proof. �

From Theorem 1, with a = 0, we have the following result:

Corollary 2. Let (X, M, ∗) be an FM-space. Let A, B, S, T , I, J ,
L, U , P and Q be mappings from X into itself satisfy condition (1.2)
with a = 0. If conditions (1.1) and (1.3) are satisfied then conclusions
(i) and (ii) of Theorem 1 hold. Further if conditions (1.4) and (1.5)
are satisfied then conclusion (iii) of Theorem 1 holds.

If we put P = Q in Theorem 1, we have the following result:

Corollary 3. Let (X, M, ∗) be an FM-space. Let A, B, S, T, I, J, L, U
and P be mappings from X into itself such that

(3.1) P (X) ⊂ ABIL(X), P (X) ⊂ STJU(X);
(3.2) there exists a constant k ∈ (0, 1) such that

[1 + aM(STJUx, ABILy, kt)] ∗M(Px, Py, kt)

≥ a[M(Px, STJUx, kt) ∗M(Py, ABILy, kt)

+M(Py, STJUx, kt) ∗M(Px,ABILy, kt)]

+M(ABILy, STJUx, t) ∗M(Px, STJUx, t)

∗M(Py, ABILy, t) ∗M(Py, STJUx, αt)

∗M(Px,ABILy, (2− α)t)

for all x, y ∈ X, a ≥ 0, α ∈ (0, 2) and t > 0,
(3.3) if one of P (X), ABIL(X), STJU(X) is a complete subspace

of X then
(i) P and STJU have a coincidence point; and
(ii) P and ABIL have a coincidence point.

Further if

(3.4) AB = BA, AI = IA, AL = LA, BI = IB, BL = LB, IL =
LI, PL = LP , PI = IP , PB = BP , ST = TS, SJ = JS,
SU = US, TJ = JT , TU = UT , JU = UJ , PU = UP ,
PJ = JP , PT = TP ,

(3.5) the pairs {P, STJU} and {P, ABIL} are weakly compatible,
then
(iii) A, B, S, T, I, J, L, U and P have a unique common fixed

point in X.

From Corollary 3 with a = 0, we have the following:
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Corollary 4. Let (X,M, ∗) be an FM-space. Let A, B, S, T, I, J, L, U
and P be mappings from X into itself satisfy condition (3.2) with a = 0.
If conditions (3.1) and (3.3) are satisfied then conclusions (i) and (ii)
of Corollary 3 hold. Further if conditions (3.4) and (3.5) are satisfied
then conclusion (iii) of Corollary 3 holds.

If we put L = U = IX (the identity map on X) in Theorem 1, we
have the following:

Corollary 5. Let (X, M, ∗) be an FM-space. Let A, B, S, T, I, J, P
and Q be mappings from X into itself such that

(5.1) P (X) ⊂ ABI(X), Q(X) ⊂ STJ(X);
(5.2) there exists a constant k ∈ (0, 1) such that

[1 + aM(STJx,ABIy, kt)] ∗M(Px,Qy, kt)

≥ a[M(Px, STJx, kt) ∗M(Qy, ABIy, kt)

+M(Qy, STJx, kt) ∗M(Px,ABIy, kt)]

+M(ABIy, STJx, t) ∗M(Px, STJx, t)

∗M(Qy,ABIy, t) ∗M(Qy, STJx, αt)

∗M(Px,ABIy, (2− α)t)

for all x, y ∈ X, a ≥ 0, α ∈ (0, 2) and t > 0;
(5.3) if one of P (X), ABI(X), STJ(X), Q(X) is a complete sub-

space of X then
(i) P and STJ have a coincidence point; and
(ii) Q and ABI have a coincidence point.

Further if

(5.4) AB = BA, AI = IA, BI = IB, QI = IQ, QB = BQ,
ST = TS, SJ = JS, TJ = JT , PJ = JP , PT = TP ;

(5.5) the pairs {P, STJ} and {Q,ABI} are weakIy compatibIe, then
(iii) A, B, S, T, I, J, P and Q have a unique common fixed point

in X.

If we put a = 0 in Corollary 5, we get the following:

Corollary 6. Let (X, M, ∗) be an FM-space. Let A, B, S, T, I, J, P
and Q be mappings from X into itself satisfy condition (5.2) with a = 0.
If conditions (5.1) and (5.3) are satisfied then conclusions (i) and (ii)
of Corollary 5 hold. Further if conditions (5.4) and (5.5) are satisfied
then conclusion (iii) of Corollary 5 holds.

If we put P = Q in Corollary 5 we get the following:



Sushil Sharma and Bhavana Deshpande 53

Corollary 7. Let (X, M, ∗) be an FM-space. Let A, B, S, T, I, J and
P be mappings from X into itself such that

(7.1) P (X) ⊂ ABI(X), P (X) ⊂ STJ(X);
(7.2) there exists a constant k ∈ (0, 1) such that

[1 + aM(STJx,ABIy, kt)] ∗M(Px, Py, kt)

≥ a[M(Px, STJx, kt) ∗M(Py, ABIy, kt) + M(Py, STJx, kt)

∗M(Px,ABIy, kt)] + M(ABIy, STJx, t) ∗M(Px, STJx, t)

∗M(Py, ABIy, t) ∗M(Py, STJx, αt) ∗M(Px,ABIy, (2− α)t)

for all x, y ∈ X, a ≥ 0, α ∈ (0, 2) and t > 0,
(7.3) if one of P (X), ABI(X), STJ(X) is a complete subspace of

X then
(i) P and STJ have a coincidence point; and
(ii) P and ABI have a coincidence point.

Further if

(7.4) AB = BA, AI = IA, BI = IB, PI = IP , PB = BP ,
ST = TS, SJ = JS, TJ = JT , PJ = JP , PT = TP ;

(7.5) the pairs {P, STJ} and {P, ABI} are weakly compatible, then
(iii) A, B, S, T, I, J and P have a unique common fixed point in

X.

If we put a = 0 in Corollary 7, we get the following:

Corollary 8. Let (X, M, ∗) be an FM-space. Let A, B, S, T, I, J and
P be mappings from X into itself satisfy condition (7.2) with a = 0.
If conditions (7.1) and (7.3) are satisfied then conclusions (i) and (ii)
of Corollary 7 hold. Further if condition (7.4) and (7.5) are satisfied
then conclusion (iii) of Corollary 7 holds.

Remark 3. Theorem 1 and Corollary 2-8 improve, extend and gener-
alize the results of Cho [1], Cho, Pathak, Kang and Jung [2], Iseki [5],
Istratescu [6], Jungck [7, 8, 9], Jungck, Murthy and Cho [10], Mishra,
Sharma and Singh [13], Rhoades [19, 20], Sharma [24, 25], Sharma and
Deshpande [26, 27, 28, 29], Singh [30], Singh and Kasahara [31], Sing
and Ram [32], Tiwari and Singh [33].

Remark 4. (i) From Corollary 5, with I = J = IX (the identity
map on X) we obtain the result due to Sharma and Deshpande
[29].

(ii) From Corollary 5, with a = 0 and I = J = IX (the identity
map on X) we obtain the result due to Sharma and Deshpande
[28].
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(iii) From Corollary 5, with P = Q and I = J = IX (the identity
map on X) we obtain the result due to Sharma and Deshpande
[29].

(iv) From Corollary 5, with a = 0, P = Q and I = J = IX (the
identity map on X) we obtain the result due to Sharma and
Deshpande [28].

(v) From Corollary 5 with B = T = I = J = IX (the identity map
on X) we obtain the result due to Sharma and Deshpande [29].

(vi) From Corollary 5 with a = 0, B = T = I = J = IX (the
identity map on X) we obtain the result due to Sharma and
Deshpande [28].

Example 2. Let X = [0, 15) with the metric d defined by d(x, y) =
|x− y|. For each t ∈ (0,∞) define

M(x, y, t) =
t

t + d(x, y)
, x, y ∈ X,

M(x, y, 0) = 0, x, y ∈ X.

Then (X, M, ∗) is a fuzzy metric space where ∗ is defined by a ∗ b =
a · b. Clearly (X, M, ∗) is a noncomplete fuzzy metric space. Define
A, S, P and Q : X → X by

Px =

{
0, if x = 0

1.5, if x > 0

Qx =

{
0, if x = 0

3.5, if x > 0.

Ax =


0, if x = 0

1.5, if 0 < x ≤ 5

x− 1.5, if x > 5

Sx =


0, if x = 0

3, if 0 < x ≤ 5

x− 3.5, if x > 5.

If we take t = 1, k = 0.5 and α = 1 we see that A, S, P and
Q satisfy all the conditions of Remark 4(v) and Remark 4(vi) and
have a unique common fixed point 0 ∈ X. It may be noted in this
example that the mappings P and S commute at coincidence point
0 ∈ X. So P and S are weakly compatible maps. Similarly Q and A
are weakly compatible maps. To see the pairs {P, S} and {Q, A} are
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noncompatible. Let us consider a decreasing sequence {xn} such that
xn → 5. Then limn→∞ Pxn = 1.5, limn→∞ Sxn = 1.5 but

lim
n→∞

M(PSxn, SPxn, t) =
t

t + |1.5− 3.0|
6= 1.

Thus the pair {P, S} is noncompatible. Also

lim
n→∞

Qxn = 3.5, lim
n→∞

Axn = 3.5

but

lim
n→∞

M(QAxn, AQxn, t) =
t

t + |3.5− 1.5|
6= 1.

So the pair {Q,A} is noncompatible. It can be easily verified in this
example that the pairs {P, S} and {Q,A} are neither compatible of
type (α) nor compatible of type (β). All the mappings involved in this
example are discontinuous even at the common fixed point x = 0.

If we put A = S, B = T = I = J = IX (the identity map on X) in
Corollary 5, we have the following result:

Corollary 9. Let (X, M, ∗) be an FM-space. Let A, P and Q be map-
pings from X into itself such that

(9.1) P (X) ⊂ A(X), Q(X) ⊂ A(X);
(9.2) there exists a constant k ∈ (0, 1) such that

[1 + aM(Ax, Ay, kt)] ∗M(Px,Qy, kt)

≥ a[M(Px,Ax, kt) ∗M(Qy,Ay, kt) + M(Qy,Ax, kt)

∗M(Px,Ay, kt)] + M(Ay, Ax, t) ∗M(Px,Ax, t)

∗M(Qy,Ay, t) ∗M(Qy, Ax, αt) ∗M(Px,Ay, (2− α)t)

for all x, y ∈ X, a ≥ 0, α ∈ (0, 2) and t > 0;
(9.3) if one of P (X), A(X), Q(X) is a complete subspace of X then

(i) P and A have a coincidence point; and
(ii) Q and A have a coincidence point.

Further if

(9.4) the pairs {P, A} and {Q,A} are weakIy compatibIe, then
(iii) A, P and Q have a unique common fixed point in X.

From Corollary 9, with a = 0 we have the following:

Corollary 10. Let (X, M, ∗) be an FM-space. Let A, P and Q be
mappings from X into itself satisfy condition (9.2) with a = 0.

If conditions (9.1) and (9.3) are satisfied then conclusions (i) and
(ii) of Corollary 9 hold. Further if conditions (9.4) and (9.5) are sat-
isfied then conclusion (iii) of Corollary 9 holds.
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Remark 5. (i) If we put A = IX (the identity map on X) in Corollary
9, we obtain the result due to Cho, Pathak, Kang and Jung [2].

If we put A = IX (the identity map on X) and a = 0 in Corollary
9, we have the following result:

Corollary 11. Let (X, M, ∗) be an FM-space. Let P and Q be map-
pings from X into itself such that

(11.1) there exists a constant k ∈ (0, 1) such that

M(Px,Qy, kt) ≥ M(y, x, t) ∗M(Px, x, t) ∗M(Qy, y, t)

∗M(Qy, x, αt) ∗M(Px, y, (2− α)t)

for all x, y ∈ X, α ∈ (0, 2) and t > 0;
(11.2) if one of P (X), Q(X) is a complete subspace of X then P and

Q have a unique common fixed point in X.

If we put P = Q in Corollary 11 we have the following:

Corollary 12. Let (X, M, ∗) be an FM-space. Let P be mapping from
X into itself such that

(12.1) there exists a constant k ∈ (0, 1) such that

[1 + aM(x, y, kt)] ∗M(Px, Py, kt)

≥ a[M(Px, x, kt) ∗M(Py, y, kt) + M(Py, x, kt)

∗M(Px, y, kt)] + M(y, x, t) ∗M(Px, x, t) ∗M(Py, y, t)

∗M(Py, x, αt) ∗M(Px, y, (2− α)t)

for all x, y ∈ X, a ≥ 0, α ∈ (0, 2) and t > 0;
(12.2) if P (X) is a complete subspace of X.

Then P has a unique common fixed point in X.

Corollary 13 (Fuzzy Banach contraction theorem [4]). Let (X, M, ∗)
be an FM-space. Let P be mapping from X into itself such that

(13.1) there exists a constant k ∈ (0, 1) such that

M(Px, Py, kt) ≥ M(x, y, t)

for all x, y ∈ X and t > 0;
(13.2) if P (X) is a complete subspace of X.

Then P has a unique common fixed point in X.

Proof. It follows from Corollary 12 since (12.1) with a = 0 includes
(13.1).
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In fact, even though we put s ∗ t = min{s, t} in Corollary 12, Corol-
lary 12 is still true and so if we put

M(x, y, t) = min
{
M(x, y, t), M(x, Px, t),

M(y, Py, t), M(y, Px, t), M(x, Py, t)
}

from (12.1) with a = 0 we have (13.1). �

Remark 6. In Corollary 13, we use condition (13.2) that is P (X) is
a complete subspace of X, while Grabiec [4] used completeness of the
whole space (X,M, ∗) However Grabiec [4] does not require t ∗ t ≥ t
in his proof.

Now we extend Theorem 1 for finite number of mappings in the
following way:

Theorem 14. Let (X, M, ∗) be an FM-space. Let A1, A2, . . . , An,
S1, S2, . . . , Sn, P and Q be mappings from X into itself such that

(14.1) P (X) ⊂ A1A2 · · ·An(X), Q(X) ⊂ S1S2 · · ·Sn(X);
(14.2) there exists a constant k ∈ (0, 1) such that

[1 + aM(S1S2 · · ·Snx, A1A2 · · ·Any, kt)] ∗M(Px,Qy, kt)

≥ a[M(Px, S1S2 · · ·Snx, kt) ∗M(Qy, A1A2 · · ·Any, kt)

+M(Qy, S1S2 · · ·Snx, kt) ∗M(Px,A1A2 · · ·Any, kt)]

+M(A1A2 · · ·Any, S1S2 · · ·Snx, t) ∗M(Px, S1S2 · · ·Snx, t)

∗M(Qy, A1A2 · · ·Any, t) ∗M(Qy, S1S2 · · ·Snx, αt)

∗M(Px,A1A2 · · ·Any, (2− α)t)

for all x, y ∈ X, a ≥ 0, α ∈ (0, 2) and t > 0;
(14.3) if one of P (X), A1A2 · · ·An(X), S1S2 · · ·Sn(X), Q(X) is a

complete subspace of X then
(i) P and S1S2 · · ·Sn have a coincidence point; and
(ii) Q and A1A2 · · ·An have a coincidence point.

Further if

(14.4) A1 commutes with A2, A3, . . . , An,
A2 commutes with A3, A4, . . . , An,
A3 commutes with A4, A5, . . . , An,
...

...
...

...
An−1 commutes with An,

similarly
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S1 commutes with S2, S3, . . . , Sn,
S2 commutes with S3, S4, . . . , Sn,
S3 commutes with S4, S5, . . . , Sn,
...

...
...

...
Sn−1 commutes with Sn,
P commutes with S2, S3, . . . , Sn,
Q commutes with A2, A3, . . . , An;

(14.5) the pairs {P, S1S2 · · ·Sn} and {Q, A1A2 · · ·An} are weakly com-
patible, then
(iii) A1, A2, . . . , An, S1, S2, . . . , Sn, P and Q have a unique com-

mon fixed point in X.

Proof. Since P (X) ⊂ A1A2 · · ·An(X), for any point x0 ∈ X there
exists a point x1 ∈ X such that Px0 = A1A2 · · ·Anx1. Since Q(X) ⊂
S1S2 · · ·Sn(X), for this point x1 we can choose a point x2 ∈ X such
that Qx1 = S1S2 · · ·Snx2 and so on.

Inductively, we can define a sequence {yn} in X such that for n =
0, 1, 2, . . .

y2n = Px2n = A1A2 · · ·Anx2n+1,

y2n+1 = Qx2n+1 = S1S2 · · ·Snx2n+2.

By using the method of proof of Theorem 1, we can see that conclu-
sions (i), (ii) and (iii) hold. �

From Theorem 14, with a = 0, we have the following:

Corollary 15. Let (X, M, ∗) be an FM-space. Let A1, A2, . . . , An,
S1, S2, . . . , Sn, P and Q be mappings from X into itself satisfy (14.2)
with a = 0.

If conditions (14.1) 1nd (14.3) are satisfied then conclusions (i) and
(ii) of Theorem 14 hold. Further if conditions (14.4) and (14.5) are
satisfied then conclusion (iii) of Theorem 14 holds.

Remark 7. Since weak compatibility of two mappings is equivalent
to their R-weak commutativity at their coincidence points. So we
can replace condition of weak compatibility of mappings by R-weak
commutativity at coincidence points in above theorems and corollaries.

3. Discussions and Auxilary Results

In view of above results it is very much clear that we extend, improve
and generalize many results in metric spaces and fuzzy metric spaces.
We prove common fixed point theorems for finite number of mappings
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in fuzzy metric spaces. This is the first effort in existing literature. To
prove common fixed point theorems for contractive type condition with
more than four mappings some commutative conditions for mappings
are always essential. How many commutative conditions are necessary?
As an answer of this question we are giving the following formulas:

(i) If the number of mappings are even and finite in above theo-

rems and corollaries then there will be n2−2n−8
4

commutativity
conditions, where n = 4, 6, 8, 10, 12, . . . up to finite values. For
example if n = 10 then 18 commutativity conditions are re-
quired. (See (1.4)).

(ii) If the number of mappings are odd and finite in above the-

orems and corollaries then there will be n2−9
4

commutativity
conditions, where n = 5, 7, 9, 11, . . . up to finite values. For ex-
ample if n = 7 then 10 commutativity conditions are required.
(See (7.4)).

(iii) If n = 1, 2, 3, 4 then any commutativity condition is not re-
quired. See Remark 4(v), 4(vi) and Corollaries 9-13.

Our results apply to a wider class of mappings than the results on
compatible or compatible of type (α) or compatible of type (β) maps
since compatible or compatible of type (α) or compatible of type (β)
maps constitute a proper subclass of weakly compatible maps.

We point out that common fixed point theorems for finite number
of maps can be proved without continuity of any mappings.

In our all results we replace the completeness of the whole space
with a set of alternative conditions.

In this way we prove common fixed point theorems for finite number
of maps in fuzzy metric spaces by relaxing, replacing and omitting
some conditions in the analogous results.

Our results contain so many results in the existing literature and
will be helpful for the workers in the field.
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