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Intuitionistic Fuzzy Strong
Precompactness in Coker’s Sense

BiLJANA KRSTESKA AND SALAH E. ABBAS

ABSTRACT. The concept of fuzzy strong precompactness in Coker’s space has
been introduced and studied. Several preservation properties and some char-
acterizations concerning fuzzy strong precompactness have been obtained.

1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh in his classic paper [8].
Using the concept of fuzzy sets Chang [2] introduced the fuzzy topological spaces.
Since Atanassov [1] introduced the notion of intuitionistic fuzzy sets, Coker [3]
defined the intuitionistic fuzzy topological spaces. This approach provided a wide
field for investigation in the area of fuzzy topology and its applications. The
authors introduced the class of intuitionistic fuzzy strongly preclosed sets [6]. This
approach allows introducing of some new types of intuitionistic fuzzy topological
spaces. The idea is to relate such defined concepts with existing ones.

Here, we introduce the concept of intuitionistic fuzzy strongly precompactness
which is strictly stronger than the concept of intuitionistic fuzzy compactness.
Also, we give an extension of this notion to arbitrary intuitionistic fuzzy set.

2. PRELIMINARIES

We introduce some basic notions and results that are used in the sequel.

Definition 2.1 ([1]). Let X be a nonempty fixed set and I the closed interval
[0,1]. An intuitionistic fuzzy set (IFS) A is an object of the following form

A= {(z,pa(z),va(x)) | v € X}

where the mapping ua : X — I and v4 : X — I denote the degree of membership
(namely pa(z)) and the degree of nonmembership (namely y4(z)) for each element
z € X to the set A, respectively, and 0 < pa(z) + va(z) <1 for each z € X.
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Obviously, every fuzzy set A on a nonempty set X is an IFS of the following
form

A= {{z pa@), 1 - pal@) | 2 € X},
Definition 2.2 ([1]). Let A and B be IFS’s of the form

A= {(z,pa(x),va(x)) | v € X}
B = {{z, up(z),78(x)) | v € X}.

i) AC Bif and only if pa(z) < pp(r) and ya(z) > vp(2);
(ii) A= {(z,7a(x), pa(2)) |z € X};
(i) AN B = {(z, pa(x) A pp(),va(2) Vyp(2)) | © € X};
(iv) AU B = {(z, pa(x) V pp(x), va(2) ANyp(2)) [ © € X}

We will use the notation A = (x, ua,v4) instead of A = {{x, pa(x),va(z)) | x €
X}. A constant fuzzy set « taking value « € [0, 1] will be denote by . The IFS’s
0~ and 1. are defined by 0. = {(x,0,1) |z € X} and 1. = {(x,1,0) | z € X }.

Let f be a mapping from an ordinary set X into an ordinary set Y. If

B={{y,usy),78()) |y €Y}
is an IFS in Y, then the inverse image of B under f is IFS defined by
“HB) = {{x, [ ) (@), [T () (@) | @ € X}
The image of IFS
A= {<x7MA($)?'7A(x)> ‘ S X}
under f is IFS defined by

f(A) =y, f(pa)(y), f(ra)w)) ly € Y}

where
sup pa(x), fHy)#0
flua)(y) = =€/~ ®)
0, otherwise
and

inf ya(z), fl(y)#0
1, otherwise
for each y € Y.
Definition 2.3 ([3]). An intuitionistic fuzzy topology (IFT) in Coker’s sense on

a nonempty set X is a family 7 of IFS’s in X satisfying the following axioms:

(Tl) O~7 1. e )
(To) G1 NGy € 7 for any G1,Gs € T
(Tz) UG; € 7 for arbitrary family {G;|i € I} C 7.
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In this paper by (X, 7) or simply by X we will denote the Coker’s intuitionistic
fuzzy topological space (IFTS). Each IFS in 7 is called intuitionistic fuzzy open
set (IFOS) in X. The complement A of an IFOS in X is called an intuitionistic
fuzzy closed set (IFCS) in X.

Definition 2.4 ([3, 4]). Let A = (z, ua,va) be an IFS in IFTS X. Then

int A =U{G | GisanIFOS in X and G C A} is called an intuitionistic
fuzzy interior of A;
clA =nN{G | Gisan IFCS in X and G D A} is called an intuitionistic
fuzzy closure of A.

Definition 2.5 ([5]). An IFS A in an IFTS X is called an intuitionistic fuzzy
preopen set (IFPOS) if A C int(cl A).

The complement A of an IFPOS in X is called an intuitionistic fuzzy preclosed
set (IFPCS) in X.

Definition 2.6 ([6]). Let A = (x, pa,v4) be an IFS in IFTS X. Then

pint A =U{G | G is an IFPOS in X and G C A} is called an intuitionis-
tic fuzzy preinterior of A;

pclA = N{G|G is an IFCS in X and G O A} is called an intuitionistic
fuzzy preclosure of A.

Definition 2.7 ([6]). An IFS A in an IFTS X is called an intuitionistic fuzzy
strongly preopen set (IFSPOS) if A C int(pcl A).

The complement A of an IFSPOS in X is called an intuitionistic fuzzy preclosed
set (IFSPCS) in X.

Definition 2.8 ([6, 7]). Let f be a mapping from an IFTS X into an IFTS Y.
The mapping f is called
(i) an intuitionistic fuzzy strong precontinuity if f~!(B) is an IFSPOS in X,
for each IFOS B in Y.
(ii) an intuitionistic fuzzy strong irresolute precontinuity if f~!(B) is an IFS-
POS in X, for each IFSPOS B in Y.

Definition 2.9 ([3]). Let X be an IFTS. A family {(z, ug,,vq,) | i € I} of IFOS’s
in X satisfies the condition U{(z, ug,,vq,) | ¢ € I} = 1. is called a fuzzy open
cover of X.

A finite subfamily of a fuzzy open cover {(z, ug,,Vq,) | @ € I} which is also a
fuzzy open cover of X is called a finite subcover of {(x, ug,,vqg,) | i € I}.

An TIFTS X is called fuzzy compact if and only if every fuzzy open cover has a
finite subcover.

Definition 2.10 ([3]). Let A be an IFS in an IFTS X. A family {(z, ug,;,va,) |
i € I} of IFOS’s in X satisfies the condition A C U{(z, ug,,vq,) | i € I} is called
a fuzzy open cover of A.

A finite subfamily of a fuzzy open cover {(z, ug,,vq,) | i € I} of A which is
also a fuzzy open cover of A is called a finite subcover of {(z, ug,,vq,) | i € I}.
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An IFS A = (z,u4,74) in an IFTS X is called fuzzy compact if and only if
every fuzzy open cover of A has a finite subcover.

3. INTUITIONISTIC FUZZY STRONG PRECOMPACTNESS

Definition 3.1. Let X be an IFTS. A family {(z, nuq,,vq,) | @ € I} of IFSPOS’s
in X satisfies the condition U{(z, ug,,vq,) | ¢ € I} = 1. is called a fuzzy strongly
preopen cover of X.

A finite subfamily of a fuzzy strongly preopen cover {(z,ug,,vq,) | i € I}
which is also a fuzzy strongly preopen cover of X is called a finite subcover of
{<x>:UJGi77G¢> i€}

Definition 3.2. Let X be an IFTS. A family {(z, ug,,vq,) | ¢ € I} of IFSPCS’s
in X has the finite intersection property if every finite subfamily {(x, ug,,vq;) |
i=1,2,...,n} satisfies the condition

n
m & MGN’YG #ON

Definition 3.3. An IFTS X is called fuzzy strongly precompact if and only if
every fuzzy strongly preopen cover has a finite subcover.

We now derive an important criteria for intuitionistic fuzzy strong precompact-
ness.

Theorem 3.1. An IFTS X is fuzzy strongly precompact if and only if every
family {(x, na,,vc,) | i € I} of IFSPCS’s with the finite intersection property has
a nonempty intersection.

Proof. Suppose X is fuzzy strongly precompact and let {(x, ug,,vq,) | ¢ € I} be
any family of IFSPCS’s in X such that

N{(z, ua;»ve,) | i € 1F = 0.

Therefore A{ug,(x) | i € I} =0and V{yg,(x) | i € I} = 1. Then U{(x,q,, 1a,) |
i€ l} =1, s0 {{z,vq,,c;) | © € I} is a fuzzy strongly preopen cover of X.
Since X is fuzzy strongly precompact there is a finite subcover {(z,vq,pa,) | i =

n

1,2,...,n}. Then { (z,vq,, 1a;) = 1~. Hence V{yg,(x) | i =1,2,...,n} =1
k=1
and A{ug,(z) |i=1,2,...,n} = 0. Finally

n
ﬂ <x7:u'Gi77Gi> = O~.
k=1
We have proved that if X is fuzzy strongly precompact space, then given any
family {(x, uq,;,vq,) | ¢ € I} of IFSPCS’s whose intersection is empty, the inter-
section of some finite subfamily is empty.
Conversely, let X has the finite intersection property. It means that if the
intersection of any family of IFSPCS’s is empty, the intersection of each finite
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subfamily is empty. Suppose {(z, pua,,vq,) | © € I} is any fuzzy strongly preopen
cover of X. Then
U{(x, ua,va,) | i€ I = 1.
Therefore V{ug,(z) | i € I} = 1and A{yg,(z) | i € I} = 0. Hence N{(x,q,, pa,) |
i € I} = 0, so {(z,yq,,p1c,) | @ € I} is a family of of IFSPCS’s whose in-
tersection is empty. According to the assumption we can find finite subfamily
{{z,va¢,1c;) | 1 =1,2,...,n} such that

n
m T,a;, 1G;) = O~.

n

Then U (z,pa;,va,) = 1~, so {{z, nua,,va,) | i =1,2,...,n} is a finite subcover
k=1
of {(x, ng,,va,) | i € I}. Therefore X is fuzzy strongly precompact. O

Remark 3.1. Since every IFOS is an IFSPOS, from the definition above we may
conclude that every fuzzy strongly precompact compact IFTS is fuzzy compact.

Theorem 3.2. Let f : X — Y be an intuitionistic fuzzy strongly irresolute precon-
tinuous mapping from an IFTS X onto IFTSY . If X is fuzzy strongly precompact,
then Y is fuzzy strongly precompact, as well.

Proof. Let {{y, na;,va,) | i € I} be any fuzzy strongly preopen cover of Y. Then
U{{y, ue,,vG,) | i € I} = 1. From the relation f~*(U{(y, ua,,vq,) | i € I}) = 1~

follows that U{f ™ ((y, uc,,ve,)) | € I} = 1o, so {f 7' ((y, hei,v6,) | i € T} is
a fuzzy strongly preopen cover of X. Since X is fuzzy strongly precompact, there
exists a finite subcover {f~({y, uc;,7G,)) | i = 1,2,...,n}. Therefore

UL (g, ve,)) |i=1,2,. .. on} = 1.

Hence
f(U{f_l«ya/‘Gi?ryG’i)) | t=12,... an}) =1,
SO
U (s einve))) i = 1,2, 0} = 1,
From
(W neiv6:)) 1i=1,2,...,n} = 10
follows that Y is fuzzy strongly precompact. O

Theorem 3.3. Let f : X — Y be an intuitionistic fuzzy strongly precontinuous
mapping from an IFTS X onto IFTS Y . If X is fuzzy strongly precompact, then
Y is fuzzy compact.

Proof. 1t is similar to the proof of the Theorem 3.2. O

Definition 3.4. Let A be an IFS in an IFTS X. A family {(x, nc,,vq,) |7 € I}
of IFSPOS’s in X satisfies the condition A C U{(x, ug,,vq,) | i € I} is called a
fuzzy strongly preopen cover of A.
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A finite subfamily of a fuzzy strongly preopen cover {(z, ug,,vq,) | @ € I} of
A which is also a fuzzy strongly preopen cover of A is called a finite subcover of

{<xnuGi77Gi> | (&S I}'

Definition 3.5. An IFS A = (z,14,74) in an IFTS X is called fuzzy strongly
precompact if and only if every fuzzy strongly preopen cover of A has a finite
subcover.

Theorem 3.4. An IFS A = (x,pua,v4) in an IFTS X is fuzzy strongly precompact
if and only if for each family {{(z,pa,,ve,;) | i € I} of IFSPOS’s with properties

pa <V{ug, |i€l} and 1—y4<V{l—ng, |i€l}
there exists a finite subfamily {(z, pa,,va,) | i =1,2,...,n} such that
pa <V{pg, |i=1,2,....,n} and 1—y4<V{l—ng |i=12,...,n}.

Proof. Suppose A = {(x, pua,v4) is a fuzzy strongly precompact set in IFTS X
and {(z, ug,,vq,) | ¢ € It be any family of IFSPCS’s in X satisfies the condition

pa <V{pg, |i€l} and 1—y4 <V{l—ng, |iel}.
Then 1 —y4 <1—A{yg, |i €I}, s0v4 > Nrq, | i €1}. Hence
AC U{<x7MGia7Gi> ‘ (NS I}

According to the assumption there exists finite subfamily {(x, uq,,vq,) | @ =
1,2,...,n} such that

A CU{(x, ug,va,) | i =1,2,...,n}.

It follows that pa < V{ug, |t =1,2,...,n} and v4 > N{ug, | i = 1,2,...,n}.
Finally

pa <V{ug, |i=1,2,....,n} and 1—v4<V{l—ng, |i=1,2,...,n}.

Conversely, let A = {(x, ua,v4) be any IFS in IFTS X and let {(z, uq,,va,) |
i € I} be any family of IFSPCS’s in X satisfies the condition

pa <V{pg, |i€el} and 1—y4<V{l—ng, |iel}.
From 1 —y4 <1—A{yg, | i € I} follows that y4 > A{yq, | i € I}, so
A C U{(z, pe,svey) | i€ I}

Hence {(z, pug,;,va,;) | @ € I} is a fuzzy strongly preopen cover of IFS A. Accord-
ing to the assumption there exists finite subfamily {(x, ug,,va,) | i =1,2,...,n}
such that

pa <V{pg, |i=1,2,....,n} and 1—v4<V{l—ng, |i=1,2,...,n}.

From pa < V{ug, | i =1,2,...,n} and y4 > N{ug, | i = 1,2,;n} we obtain

that
A CU{(x,va,pa;) |1=1,2,...,n}.
Therefore A is fuzzy strongly precompact. O
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Remark 3.2. From the definition above it is not difficult to conclude that every
fuzzy strongly precompact IFS in an IFTS is fuzzy compact.

Theorem 3.5. Let f : X — Y be an intuitionistic fuzzy strongly irresolute precon-
tinuous mapping from an IFTS X onto IFTSY . If A is fuzzy strongly precompact,
then f(A) is fuzzy strongly precompact, as well.

Proof. Let {(y, ua;,va,;) | @ € I} be any fuzzy strongly preopen cover of f(A).
Then f(A) € U{{y, ug,,7q,) | i € I'}. From the relation A C f~(U{(y, ue,, ;) |

i € I) follows that A € U{f™'({y, nci»76.)) |1 € I}, so {f ' ((y, pey 1)) i €
I} is a fuzzy strongly preopen cover of A. Since A is fuzzy strongly precompact,

there exists a finite subcover {f~'({(y, ug,,ve,)) | i = 1,2,...,n}. Therefore
ACU{f "y, nGive:) [i=1,2,...,n}. Hence

FA) S A (W penre) [i=1,2,..,n}) =
= U{f(f (W, pave)) i =1,2,...,n} =
= Uy naine))) 1i=1,2,... . n},
so f(A) is fuzzy strongly precompact. O

Theorem 3.6. Let f: X — Y be an intuitionistic fuzzy strongly precontinuous
mapping from an IFTS X onto IFTS Y. If A is fuzzy strongly precompact, then
f(A) is fuzzy compact.

Definition 3.6. An IFTS X is called fuzzy strongly pre-Lindelof (fuzzy Lindelof)
if and only if every fuzzy strongly preopen (fuzzy open) cover of X has a countable
subcover.

Definition 3.7. An IFS A = (z,14,74) in an IFTS X is called fuzzy strongly
pre-Lindelof (fuzzy Lindelof) if and only if every fuzzy strongly preopen (fuzzy
open) cover of A has a countable subcover.

Definition 3.8. AnIFTS X is called countably fuzzy strongly precompact (count-
ably fuzzy compact) if and only if every countable fuzzy strongly preopen (fuzzy
open) cover of X has a finite subcover.

Definition 3.9. An IFS A = (2, ua,v4) in an IFTS X is called countably fuzzy
strongly precompact (countably fuzzy compact) if and only if every countable
fuzzy strongly preopen (fuzzy open) cover of A has a finite subcover.

Remark 3.3. From the definitions above we may conclude that

1) every fuzzy strongly pre-Lindelof IFTS (IFS in IFTS) is fuzzy Lindelof;

2) every countably fuzzy strongly precompact IFTS (IFS in IFTS) is count-
ably fuzzy compact;

3) every countably fuzzy strongly precompact IFTS (IFS in IFTS ) is fuzzy
strongly precompact.

It is not difficult to prove the following theorems.
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Theorem 3.7. If an IFTS X is both fuzzy strongly pre-Lindelof and countably
fuzzy strongly precompact then it is fuzzy strongly precompact.

Theorem 3.8. If an IFS A in an IFTS X is both fuzzy strongly pre-Lindelof and
countably fuzzy strongly precompact then A is fuzzy strongly precompact.

Theorem 3.9. Let X be a fuzzy strongly pre-Lindelof IFTS. Then X is countably
fuzzy strongly precompact if and only if X is fuzzy strongly precompact.

Proof. In the Remark 3.3 it is mentioned that if X is fuzzy strongly precompact
then it is countably fuzzy strongly precompact.

Conversely, let {(z,uq,,vq¢;) | ¢ € I} be any fuzzy strongly preopen cover
of X. Since X is fuzzy strongly pre-Lindelof, there exists countable subcover

{<xnqu'yGi> | 1= 1a2""} of {<'I’/‘I’Gi7’7Gi> | (S I}' Therefore {<x’MG137Gi> |

i = 1,2,...} is countably fuzzy strongly preopen cover of X, so there exists
subcover {(z, ug,;,va,) |1 =1,2,...n} of {(z,pc,,va,) | i =1,2,...}. Hence X
is fuzzy strongly precompact. O

Theorem 3.10. Let an IFS A be fuzzy strongly pre-Lindelof in an IFTS. Then A
18 countably fuzzy strongly precompact if and only if A is fuzzy strongly precompact.

Proof. The proof is similar to the proof of the previous theorem. O

Theorem 3.11. Let f : X — Y be an intuitionistic fuzzy strongly irresolute
precontinuous mapping from an IFTS X onto IFTSY. If X is fuzzy strongly
pre-Lindelof (countably fuzzy strongly precompact), then Y is fuzzy strongly pre-
Lindelof (countably fuzzy strongly precompact), as well.

Proof. 1t is similar to the proof of the Theorem 3.2. O

Theorem 3.12. Let f: X — Y be an intuitionistic fuzzy strongly precontinuous
mapping from an IFTS X onto IFTS Y. If X is fuzzy strongly pre-Lindelof
(countably fuzzy strongly precompact), then Y is fuzzy Lindelof (countably fuzzy
compact).

Proof. 1t is similar to the proof of the Theorem 3.3. 0

Theorem 3.13. Let f : X — Y be an intuitionistic fuzzy strongly irresolute
precontinuous mapping from an IFTS X onto IFTS Y. If A is fuzzy strongly
pre-Lindelof (countably fuzzy strongly precompact), then f(A) is fuzzy strongly
pre-Lindelof (countably fuzzy strongly precompact), as well.

Proof. 1t is similar to the proof of the Theorem 3.5. O

Theorem 3.14. Let f : X — Y be an intuitionistic fuzzy strongly precontinu-
ous mapping from an IFTS X onto IFTS Y. If A is fuzzy strongly pre-Lindelof
(countably fuzzy strongly precompact), then f(A) is fuzzy Lindelof (countably fuzzy
compact).

Proof. 1t is similar to the proof of the Theorem 3.6. U
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