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Common Fixed Point Theorems of Meir and

Keeler Type for Weakly Compatible Maps

H. Bouhadjera and Brian Fisher

Abstract. The subject of this paper is to prove a common fixed point theorem
for four weakly compatible maps which extends and improves Theorem 1 of [2]
and others by removing the assumption of continuity and relaxing the property
of compatibility to weak compatibility. Also we give another extension of the
same theorem.

1. Introduction and preliminaries

In 1986, Jungck [3] introduced generalized commuting maps, called compatible
maps, which are more general than the concept of weakly commuting maps. Let
S and T be two self maps of a metric space (X , d). He defines S and T to be
compatible if

(1) lim
n→∞

d(ST xn, T Sxn) = 0

whenever {xn} is a sequence in X such that lim
n→∞

Sxn = lim
n→∞

T xn = t for some

t ∈ X . This concept has been useful as a tool for obtaining more comprehensive
fixed point theorems. In general, commuting maps are weakly commuting and
weakly commuting maps are compatible, but the converses are not necessarily
true ([3]).

In 1993, G. Jungck, P.P. Murthy and Y.J. Cho [6] introduced the concept of
compatible mappings of type (A) as follows: S and T above are compatible of
type (A) if in lieu of (1), we have

lim
n→∞

d(ST xn, T 2xn) = 0 and lim
n→∞

d(T Sxn,S2xn) = 0.

The notions of compatible and compatible maps of type (A) are independent (see
[6]).

In 1995, H. K. Pathak and M. S. Khan [8] gave a generalization of compatible
maps of type (A) by introducing the concept of compatible maps of type (B).
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S and T above are said to be compatible of type (B) if instead of (1) we have the
two inequalities

lim
n→∞

d(ST xn, T 2xn) ≤
1

2

[

lim
n→∞

d(ST xn,St) + lim
n→∞

d(St,S2xn)
]

and

lim
n→∞

d(T Sxn,S2xn) ≤
1

2

[

lim
n→∞

d(T Sxn, T t) + lim
n→∞

d(T t, T 2xn)
]

.

This definition is equivalent to the concept of compatible mappings of type (A)
under some conditions.

In [7] Pathak et al. introduced the compatibility of type (P ) and compared
with the compatibility and the compatibility of type (A). They define S and T
above to be compatible of type (P ) if in place of (1), we have

lim
n→∞

d(S2xn, T 2xn) = 0.

In 1998, Pathak, Cho, Kang and Madharia [8] introduced a new extension of
compatible maps of type (A) by giving the notion of compatible maps of type
(C). They defined S and T above to be compatible of type (C) if we have in lieu
of (1) the two inequalities:

lim
n→∞

d(ST xn, T 2xn) ≤
1

3

[

lim
n→∞

d(ST xn,St) + lim
n→∞

d(St, T 2xn)

+ lim
n→∞

d(St,S2xn)
]

and

lim
n→∞

d(T Sxn,S2xn) ≤
1

3

[

lim
n→∞

d(T Sxn, T t) + lim
n→∞

d(T t,S2xn)

+ lim
n→∞

d(T t, T 2xn)
]

.

As is obvious from the definitions, compatible maps of type (B) and (C) generalize
those of compatible maps of type (A).

Recently, Jungck gave in his paper [4] a new generalization of the compatibility
by introducing the concept of weakly compatible mappings. He defines S and T
above to be weakly compatible if St = T t, t ∈ X implies ST t = T St.

It is clear that every compatible (compatible of type (A), (B), (P ), (C)) pair of
mappings is weakly compatible. The following example is an example of weakly
compatible maps which are not compatible (compatible of type (A), (B), (P ),
(C)).
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Example 1.1. Let X = [0,∞) be with the absolute value metric. Define map-
pings S, T : X → X by

Sx =











x if x ∈ [0, 1) ,

1 if x = 1,

3 if x ∈ (1,∞) ,

T x =











2 − x if x ∈ [0, 1) ,

1 if x = 1,

6 if x ∈ (1,∞) .

S and T are weakly compatible since they commute at their coincidence point
t = 1. We assert that S and T are neither compatible nor compatible of type (A),
(B), (P ) and (C). For that purpose let us suppose that {xn} is a sequence in X

such that xn = 1 −
1

n
for n ∈ N∗. We have

Sxn = xn → 1; T xn = 2 − xn → 1 as n → ∞,

ST xn = S(2 − xn) = 3; T Sxn = T (xn) = 2 − xn,

SSxn = S(xn) = xn; T T xn = T (2 − xn) = 6.

Thus we have

lim
n→∞

d(ST xn, T Sxn) = lim
n→∞

|3 − 2 + xn| = 2 6= 0

and so the pair {S, T } is not compatible. Also, we have

lim
n→∞

d(ST xn, T 2xn) = lim
n→∞

|3 − 6| = 3 6= 0,

which implies that the pair {S, T } is not compatible of type (A). Further, we
have

3 = lim
n→∞

d(ST xn, T 2xn)

�
1

2

[

lim
n→∞

d(ST xn,St) + lim
n→∞

d(St,S2xn)
]

=
1

2

[

lim
n→∞

|3 − 1| + lim
n→∞

|1 − xn|
]

= 1,

and so S and T are not compatible of type (B).
Again, we have

lim
n→∞

d(S2xn, T 2xn) = lim
n→∞

|xn − 6| = 5 6= 0,

which tells us that S and T are noncompatible of type (P ).
Finally, we have

3 = lim
n→∞

d(ST xn, T 2xn)

�
1

3

[

lim
n→∞

d(ST xn,St) + lim
n→∞

d(St,S2xn) + lim
n→∞

d(St, T 2xn)
]

=
1

3

[

lim
n→∞

|3 − 1| + lim
n→∞

|1 − xn| + lim
n→∞

|1 − 6|
]

=
7

3
,

and so the pair {S, T } is noncompatible of type (C).

For our main results we will need the following lemma given in [3].
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Lemma 1.1. Let (A,S) and (B, T ) be self mappings of a complete metric space
(X , d) such that A(X ) ⊂ T (X ) and B(X ) ⊂ S(X ). Assume further that given
ǫ > 0, there exists δ > 0 such that for all x, y in X

ǫ ≤ M(x, y) < ǫ + δ ⇒ d(Ax,By) < ǫ

and
d(Ax,By) < M(x, y), whenever M(x, y) > 0,

where

M(x, y) = max {d(Sx, T y), d(Ax,Sx), d(By, T y), [d(Sx,By) + d(Ax, T y)]} .

Then for each x0 in X , the sequence {yn} in X defined by the rule

y2n = Ax2n = T x2n+1 and y2n+1 = Bx2n+1 = Sx2n+2 for n ∈ N.

is a Cauchy sequence.

The following theorem was stated in [3].

Theorem 1.1. Let (A,S) and (B, T ) be compatible pairs of self mappings of a
complete metric space (X , d) such that

(i) A(X ) ⊂ T (X ) and B(X ) ⊂ S(X ),
(ii) given ǫ > 0 there exists a δ > 0 such that for all x, y in X ,

ǫ ≤ M(x, y) < ǫ + δ ⇒ d(Ax,By) < ǫ

and
(iii) d(Ax,By) <

< k
[

d(Sx, T y) + d(Ax,Sx) + d(By, T y) + d(Sx,By) + d(Ax, T y)
]

for all x, y in X where 0 ≤ k < 1/3.

If one of the mappings A, B, S and T is continuous, then A, B, S and T have a
unique common fixed point.

Note that Theorem 1.1 is not correct as it stands since if A,B,S and T had a
fixed point z, then (iii) could not hold when x = y = z. The inequality < in (iii)
should be replaced by ≤.

2. Main results

Theorem 2.1. Let (A,S) and (B, T ) be weakly compatible pairs of self mappings
of a complete metric space (X , d) such that

(a) A(X ) ⊂ T (X ) and B(X ) ⊂ S(X ),
(b) one of A(X ), B(X ), S(X ) or T (X ) is closed,
(c) given ǫ > 0 there exists a δ > 0 such that for all x, y in X ,

ǫ ≤ M(x, y) < ǫ + δ ⇒ d(Ax,By) < ǫ

where

M(x, y) = max {d(Sx, T y), d(Ax,Sx), d(By, T y), [d(Sx,By) + d(Ax, T y)]/2}

and
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(d) d(Ax,By) ≤

≤ k max{d(Sx, T y), d(Ax,Sx), d(By, T y), d(Sx,By), d(Ax, T y)}

for all x, y in X where 0 ≤ k < 1.

Then, A, B, S and T have a unique common fixed point.

Proof. Let x0 be an arbitrary point in X , then, since (a) holds, we can define
inductively a sequence

(2) {Ax0,Bx1,Ax2,Bx3, . . . ,Ax2n,Bx2n+1, . . . }

such that

y2n = Ax2n = T x2n+1 and y2n+1 = Bx2n+1 = Sx2n+2 for n ∈ N.

By Lemma 1.1, it follows that {yn} is a Cauchy sequence in X . Since X is com-
plete, {yn} converges to some element z ∈ X , as do the subsequences {Ax2n} =
{T x2n+1}, {Sx2n} = {Bx2n−1} and {Sx2n+2} = {Bx2n+1}.

Suppose that A(X ) is closed. Then since A(X ) ⊂ T (X ), there exists a point
u ∈ X such that z = T u. Using the inequality (d), we have

d(Ax2n,Bu) ≤ k max{d(Sx2n, T u), d(Ax2n,Sx2n), d(Bu, T u),

d(Sx2n,Bu), d(Ax2n, T u)}.

Letting n → ∞, we get
d(z,Bu) ≤ kd(z,Bu),

which is a contradiction. Thus, z = T u = Bu and by the weak compatibility of
(B, T ), it follows that BT u = T Bu and so Bz = BT u = T Bu = T z.

We claim that z is a common fixed point of B and T . Assume not. Then by
inequality (d), we obtain

d(Ax2n,Bz) ≤ k max{d(Sx2n, T z), d(Ax2n,Sx2n), d(Bz, T z),

d(Sx2n,Bz), d(Ax2n, T z)}.

Letting n tends to infinity, it gives

d(z,Bz) ≤ kd(z,Bz),

which implies that z = Bz = T z.
Now, since B(X ) ⊂ S(X ), there exists a point v ∈ X such that z = Sv. Then,

from inequality (d), we have

d(Av,Bz) ≤ k max{d(Sv, T z), d(Av,Sv), d(Bz, T z), d(Sv,Bz), d(Av, T z)}.

It follows that
d(Av, z) ≤ kd(Av, z),

a contradiction, which implies that Av = z. Also, since Av = Sv = z and by the
weak compatibility of A and S, it follows that SAv = ASv and so Sz = SAv =
ASv = Az.

Again the use of inequality (d) gives

d(Az,Bz) ≤ k{d(Sz, T z), d(Az,Sz), d(Bz, T z), d(Sz,Bz), d(Az, T z)},
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i.e.

d(Az, z) ≤ kd(Az, z).

Consequently, we have Az = z = Sz. Hence, z is a common fixed point of A, B,
S and T .

Finally, we prove the uniqueness of z. Indeed, suppose that w is a second
distinct common fixed point of A,B,S and T . Then again using inequality (d),
we get

d(Az,Bw) ≤ k{d(Sz, T w), d(Az,Sz), d(Bw, T w), d(Sz,Bw), d(Az, T w)}

that is

d(z, w) ≤ kd(z, w),

a contradiction, which implies that w = z.
Similarly, we can obtain this conclusion by supposing B(X ) (resp. S(X ), T (X ))

is closed. �

Now, we give our second main result which is another generalization of Theorem
1 of [2] and for this, we need the following:

Lemma 2.1 ([4] (resp. [6], [7], [9])). Let S and T be compatible and compatible
of type (A) (resp. (B), (P )) self mappings of a metric space (X , d). If St = T t
for some t ∈ X , then ST t = T St.

Proposition 2.1 ([1]). Let S and T be compatible mappings of type (C) from a
metric space (X , d) into itself. Suppose that lim

n→∞

Sxn = lim
n→∞

T xn = t for some

t ∈ X . Then we have the following:

(1) lim
n→∞

T T xn = St if S is continuous at t,

(2) lim
n→∞

SSxn = T t if T is continuous at t,

(3) ST t = T St and St = T t if S and T are continuous at t.

Theorem 2.2. Let A, B, S and T be mappings from a complete metric space
(X , d) into itself satisfying conditions (a), (b), (c) and (d) of Theorem 2.1. Fur-
ther, if the pairs (A,S) and (B, T ) are compatible and compatible of type (A)
(resp. (B), (P ) and (C)), then the four mappings have a unique common fixed
point z ∈ X .

Proof. Define the sequence {yn} as in the proof of Theorem 2.1. Then {yn} is a
Cauchy sequence in X and converges with its subsequences to z ∈ X . Suppose
that B(X ) is closed. Then since B(X ) ⊂ S(X ), there exists an element u ∈ X
such that z = Su. Using (d) we obtain

d(Au,Bx2n+1) ≤ k max{d(Su, T x2n+1), d(Au,Su), d(Bx2n+1, T x2n+1),

d(Su,Bx2n+1), d(Au, T x2n+1)}.

By letting n → ∞ in the above inequality, it gives

d(Au, z) ≤ kd(Au, z),
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which is a contradiction. Thus, Au = z = Su. But A and S are compatible of
type (A) (resp. (B), (P )), then by Lemma 2.1 it follows that ASu = SAu and
thus, Az = Sz.

We claim that z is a fixed point of A and S. Suppose not, then by assumption
(d), we get

d(Az,Bx2n+1) ≤ k max{d(Sz, T x2n+1), d(Az,Sz), d(Bx2n+1, T x2n+1),

d(Sz,Bx2n+1), d(Az, T x2n+1)}.

Therefore as n → ∞

d(Az, z) ≤ kd(Az, z),

a contradiction which implies that z = Az = Sz.
Now, since A(X ) ⊂ T (X ), then there exists a point v ∈ X such that z = Az =

T v. The use of inequality (d) gives

d(Az,Bv) ≤ k max{[d(Sz, T v), d(Az,Sz), d(Bv, T v), d(Sz,Bv), d(Az, T v)}.

It follows that

d(z,Bv) ≤ kd(z,Bv),

which is a contradiction, so we have Bv = z = T v. Since B and T are compatible,
compatible of type (A) (resp. (B), (P )), by Lemma 2.1 it follows that BT v = T Bv
that is Bz = T z.

Using (d) again, we get

d(Az,Bz) ≤ k max{d(Sz, T z), d(Az,Sz), d(Bz, T z), d(Sz,Bz), d(Az, T z)}

that is

d(z,Bz) ≤ kd(z,Bz).

Consequently, we have z = Bz = T z. Hence, Az = Sz = z = Bz = T z, and so z
is a common fixed point of the four mappings.

Finally, we prove that z is unique. Suppose that w is a second distinct common
fixed point of A, B, S and T . Then, using inequality (d), we obtain

d(Az,Bw) ≤ k max{d(Sz, T w), d(Az,Sz), d(Bw, T w), d(Sz,Bw), d(Az, T w)}

i.e.,

d(z, w) ≤ kd(z, w).

Therefore, z = w.
Similarly, one can obtain this conclusion by supposing A(X ), S(X ) or T (X ) is

closed.
For compatibility of type (C), we use the same proof and condition (3) of

Proposition 2.1. �
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