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A Theorem About Uniformly Converging

Progressions of Constructive Functions

Radoslav Milošević

Abstract. We give an example which represents an application of construc-
tive functions in mathematical analysis, especially, to the theory of progres-
sions. In fact, we shall prove a theorem related to the uniformly converging
progression of constructive functions whose sum is not R-integrable on the unit
interval.

1. Introduction

We use definitions and result given in the literature [1-7]. The terms “func-
tion” and “algorithm” that will be used here will be abbreviations for the idioms
“everywhere defined constructive function” and “normal algorithm” respectively.
Also, all the paragraphs about the objects which will be mentioned here are taken
in the constructive sense according to the articles by N.A. Šanjin [5]. We also
state some necessary definitions from B.A. Kušner [6].

Let f be a function, δ an algorithm of the type (N → N), i.e. the algorithm
that copies each natural number into a natural number. We shall say that δ is
a rule of integrability of f on [0, 1], if for each n, k, l (k, l ≥ 1) every of rational
numbers:

r0, . . . , rk−1, r
′
0, . . . , r

′
1

has its double
x0, . . . , xk−1, x

′
0, . . . , x

′
l−1

such that:

r0 = 0, r0 < r1 < · · · < rk, rk = 1,

r′0 = 0, r′0 < r′1 < · · · < r′1, r
′
1 = 1,

r0 = x0 = r1 = · · · = rk−1 = xk−1 = rk,

r′0 = x′
0 = r′1 = · · · = r′l−1 = x′

l−1 = r′l

and
max

0≤i≤k−1
(ri+1 − ri), max

0≤j≤l−1
(r′j+1 − r′j) · 2

−δ(n)
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i.e.
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∣

∣

k−1
∑

i=0

f (xi) (xi+1 − ri) −
∑

f
(

x′
i

) (

r′i+1 − r′i
)

∣

∣

∣

∣

∣

< 2−n.

We shall say that f is integrable in the sense of Riemann on [0, 1] (or shorter
R-integrable) if the rule of integrability of f can be applied on [0, 1].

Analogously, the relation “the double x is Riemann’s integral (R-integral) of
the function f on [0, 1]” can be introduced. Using, the rule of the integrability of
a given function it is not difficult to obtain the double over the integral.

The function f is uniformly continuous on the interval [a, b] if it is possible to
construct an algorithm δ of type (N → N), which is called the rule of the uniform
continuity of f on [a, b], such that for each n, x1, x2 with x1, x2 ∈ [a, b] and

|x1 − x2| < 2−δ(n)

the following inequality is satisfied:

|f(x1) − f(x2)| < 2−n.

We shall say that f is effectively non-uniformly continuous on [a, b], if it is
possible to find a natural number l and algorithms α, β such that:

1) α and β convert every natural number in a double from [a, b],
2) for each n, |α(n) − β(n)| < 2−n and |f(α(n)) − f(β(n))| ≥ 2−l hold.

The function f is everywhere effectively non-uniformly continuous on [0, 1] if it
is effectively non-uniformly continuous on each non-degenerative interval that is
included in [0, 1].

An algorithm F will be called the series of functions if for each n the algorithm
F is a function. A function f will be called quasi-integrable on [0, 1] if it is not
true that it is not R-integrable on [0, 1]. Let F is a series of functions. We shall
consider the functional progression

(1)
∞

∑

i=1

Fi(x),

which will mean that the algorithm T was built in the previously determined way,
such that for each n and x:

T (n, x) =
n

∑

i=0

F̃i(x).

An algorithm δ of the type (N → N) will be called the rule of uniform conver-
gence of the progression (1) on the sets of doubles M , if for each k, l, n, and x,
such that l ≥ δ(k) and x ∈ M , the following condition is satisfied:

∣

∣

∣

∣

∣

l+m
∑

i=l

F̃i(x)

∣

∣

∣

∣

∣

< 2−k.
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We shall say that functional progression (1) is uniformly convergent on M , if
it is possible to formulate the rule of uniform convergence of that progression on
M .

We shall assume now that the progression (1) uniformly converges on [0, 1]
and that all the functions Fi are R-integrable on [0, 1]. This means that it is
possible to build an algorithm α such that for each i the algorithm α̃i is the rule
of integrability of Fi on [0, 1]. It is not difficult to see that when such an algorithm
α and the rule of the uniform convergence of progression (1) are available, it is
possible to formulate the rule of integrability on [0, 1]. Thus, the sum of the
functional progression which uniformly converges on [0, 1], whose terms are R-
integrable, is also R-integrable on [0, 1].

The next theorem will show that only with such a presentation the condition
of the R-integrability of function Fi can not be weaken.

Theorem. It is possible to build the series of functions G such that all the func-

tions G̃i are quasi-integrable on [0, 1], and the functional progression
∞
∑

i=0
Gi uni-

formly converges along the complete axis, so that the function as the sum is not

R-integrable on [0, 1] according to Riemann.

Before the proof of the theorem we shall state two lemmas:

Lemma 1. It is possible to build an algorithm α such that for each quasi-number

q and natural number n with |q| < 2−n, there exists a function α̃q,n such that for

each x we have:

|α̃q,n(x)| < 2−n+7

and q is the conditionally R-integrable function α̃q,n on [0, 1]1.

This lemma can be proved by insignificant modification of the construction that
is indicated in the proof of the Theorem 2 in [6]. We can conclude from Lemma 1
and the obvious circumstance that from each R-integrable function it is possible
to obtain an F -number which is associated with its integral; thus the theorem
about the completeness of F -number can be formulated without difficulties [5, 6].

Lemma 2. It is possible to build a series of quasi-numbers β such that for each

m ≥ n it holds:

|β(m) − β(n)| < 2−n

and the series b does not converge to any double.

This statement is given without proof in [4]. We give one of its possible proofs.
Let S be a series of rational numbers such that for each n

0 < S(n) ≤ S(n + 1) < 1

1i.e., each double with the same basis gives q R-integral from α̃q,n
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and the series S does not converge to any double. We shall build the algorithm
T such that:

T (k, 0) = S(0);

T (k, l + 1) =

{

T (k, l), if S(l + 1) − T (k, l) < 2−k−1;

S(l + 1), if S(l + 1) − T (k, l) ≥ 2−k−1.

Further, let us build the algorithm β such that for each k:

β(k) = T̃k.

It is not difficult to see that β is the required series of quasi-numbers.

Proof of the theorem. Let β be the construction containing only the series of quasi-
numbers. Let us build the algorithm γ such that:

γ(o) = β(o); γ(n + 1) = β(n + 1) − β(n).

It is obvious that for n ≥ 1 the inequality |γ (n)| < 2−n is satisfied. Applying the
lemmas we can build the algorithm G satisfying the following conditions:

1) G is a series of functions;

2) for each i the quasi-number γ(i) is conditionally R-integral G̃i on [0, 1];
3) for i ≥ 1 and each x it is satisfied:

∣

∣

∣
G̃i (x)

∣

∣

∣
< 2−i+7.

By characteristic 3) of the algorithm G, the functional progression
∞
∑

i=0
Gi uni-

formly converges along the complete axis. If that function would be R-integrable
on [0, 1] then there would be a double as R-integrable f on [0, 1]. Then, what
is not difficult to see, the series of quasi-numbers would converge towards that
double, which is not possible. Consequently, it follows that f is not R-integrable
on [0, 1], what we wanted to show. �

We shall state now several obvious consequences of this theorem.

Consequence 1. There is no any algorithm which would transform each n into
the rule of integrability of the function G̃n on [0, 1].

Consequence 2. There is no such an algorithm which would transform each n

into a double that would be the R-integral of Gn on [0, 1].

Consequence 3. There is no algorithm which transforms each R-integrable func-
tion on [0, 1] into its rule of integrability on [0, 1].

Consequence 4. There is no such an algorithm that would transform each func-
tion which is R-integrable on [0, 1] into a double as an R-integral of the function
on [0, 1].
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