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PREFACE

As a generalization of the notion of a group, the notion of an n-group was
introduced by W. Dornte in 1928 (Chapter I-1). In 1940 E. L. Post published
an extensive study of n-groups in which the well-known Post’s Coset Theorem
appeared. M. Hosszu (1963) and L. M. Gluskin (1965) described n-groups
for n > 3 using one group, one automorphism of this group and a constant.
A description of n-groups (n > 3) as algebras of the type (n,1) with laws
was obtained by B. Gleichgewicht and K. Glazek in 1967 and several such
descriptions can be found in the papers [Celakoski 1977], [Dudek, Glazek,
Gleichgewicht 1977] and [Dudek 1995]. A significant contribution to the
theory of polyadic structures gave the group of algebraists from Skopje led
by G. Cupona. Categories of n-groups were considered by J. Michalski (for
example in [Michalski 1979]).Books devoted to n-groups were written by W.
A. Dudek and S. A. Rusakov ([Dudek 1990], [Rusakov 1992]).

This text is as an attempt to systematize the results concerning two
concepts related to the theory of n-ary structures. The first one is the concept
of (n—2)-ary {i, j }-neutral operation in n-groupoids (Chapter II-2), while the
second is the concept of (n — 1)-ary inverse operation in n-groups, which, in
fact, can be obtained using the neutral operation and a certain superposition
of the basic n-group operation (Chapter III-1).

While a groupoid contains at most one neutral element, for n > 2 there
are both n-groups without neutral elements and n-groups in which all the
elements are neutral. In contrast to this, as for n = 2, an n-groupoid can
have at most one (n — 2)-ary {4, j }-neutral operation (Chapter 11I-2). Also,
reduced to the binary case this concept gives the standard neutral element
of a groupoid.

For each n > 2, every n-group has both an (n — 2)-ary {1, n}-neutral
operation and (n—1)-ary inverse operation, which in the binary case becomes
the usual inverse (Chapter III-1).

Establishing of two considered concepts provide several applications. So,
the {1, n}-neutral operation of an n-group has an important role in describing
of all nHG-algebras associated to the given n-group (Chapter IV). Similarly,
using these two operations a description of super-associative algebras with
n-quasigroup operations is presented in Chapter XI. In Chapter III n-groups
are characterized as algebras (Q,{A,7!,e}) of the type (n,n —1,n —2) with



the mutually independent laws.
The results systematized in this text have been published in [Usan 1988-
2002], [Usan, Zizovi¢ 1997-2002], [Usan, Gali¢ 2000, 2001] and [Zizovié¢ 1998].
The author is grateful to Branimir Seselja, Dragan Acketa, Milan Grulovi¢,
Milos Kurili¢ and Ljubisa Kocinac for great help in translation of this text
in English.

Novi Sad, May 2003 Janez Usan

A remark for the electronic version - 2005

In the electronic version 2005 there is a result and some new references.
Further on, in some parts of the text minor corrections are made.

Novi Sad, November 2005 Janez Usan

P.S. In Ch. XVI of the hard version (n, m)—groups and N P—polyagroups
are described shortly (in only 6 pages, without proofs). In the survey ar-
ticle [Usan 2005/1] (n,m)—groups are described in the light of the neu-
tral operations (in 50 pages) and in [Usan 2005/2] the results concerning
N P—polyagroups are systematized (in 30 pages).

Reference [Gal’'mak 2003] is a new book of n—groups.

A remark for the electronic version - 2006

In the electronic version 2006 there is Appendixz3 and some new references.
Further on, in some parts of the text minor corrections are made.

Novi Sad, September 2006 Janez Usan
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Chapter I

IN FEW WORDS ON n—GROUPS

1 Notion and examples

1.1. Definitions: Letn > 2 and let (Q), A) be an n—groupoid. Then: 1) we
say that (Q, A) is an n—semigroup iff for every i,j € {1,...,n}, i < j, the
following law holds

At A, a2 = Al AW, a2t
(:< i, >-associative law); 2) we say that (Q, A) is an n—quasigroup iff for
every i € {1,...,n} and for every a} € Q there is exactly one x; € Q such
that the following equality holds A(a%™', z;,al ) = an; and 3) we say that
(Q, A) is a Dérnte n—group (briefly: n—group) iff (Q, A) is an n—semigroup

and an n—quasigroup as well.

1.2. Remark: A notion of an n—group was introduced by W. Dérnte (in-
spired by E. Noether) in [Dérnte 1928] as a generalization of the notion of a
group.

1.3. Example: Let (Q,-) be a group. Let also
A(x’f)défxl Ce Ty

for each x} € Q. Then (Q, A) is an n—group.

Sketch of the prof.

a) A(A(}), 227" = (21 Tp)  Tpg1 e Top
:'%1""'1;2'71'(xi""'xi+nfl>'$i+n"--'$2n71

= Ay A7), 2.

! About the expression a} see Appendix 1.
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b) Al z,al ) =ap <= (ay-... ;1) -x-(a; ... ap 1) = a,. O
1.4. Example: Let ({1,2,3,4},-) be the 11234
Klein group: Tab. 1. Further on, let ¢ be 1| 1] 2| 38| 4
the permutation of the set {1,2,4,3} defined 2| 21| 4|3
in the following way 318141112
def (1 2 3 4 4141321
T ( 1 2 4 3 )
Tab. 1

Let also
de
Ay, 2)Hr - ply) - 22

for all x,y,z € {1,2,3,4}. Then ({1,2,3,4}, A) is a 3—group.
Sketch of the prof.

a) P’ (=pop)=1I, ¢(2) =2and ¢ € Aut({1,2,3,4},-).

b) A(A(z,y,2),u,v) = (x-gpgy .

A<A($’y7z)’uwv) = (ZE ) @(y) z-2)-

c) Ala,b,c)=d<=a-pb)-c-2=d. O

1.5. Example: Let pldéf ( } g g ) , 3
def (1 2 3 d def (1 2 3\
P2= 13 21 Ps=\ 21 3)
Figure 1. Let also 1e o9

def

A(.Q?S) =X10T20T3
for all 23 € {pi,p2,p3}, where f o g is
the composition of permutations. Then

({p1,p2, 3}, A) is a 3—group. [p1,p2 and ps
are odd permutations!]

Figure 1
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Remark: This example is also in Chemistry—about ammonia (N Hs). See, for

example, [Dudek 1990].

1.6.Remark: More examples see [Gal'mak, Vorob’ev 1998] and [Gal'mak
2003].

2 Hosszu—Gluskin Theorem

2.1. Theorem [Hosszi 1963, Gluskin 1965]: For every n—group (Q,A),
n > 3, there is an algebra (Q,{-, ¢,b}) [of the type < 2,1,0 >/ such that
the following statements hold: (1) (Q,-) is a group; (2) ¢ € Aut(Q,-); (3)
o(b) = b; (4) for every x € Q, ¢" ' (x)-b=1b-x; and (5) for every x7 €
Q. A@Y) = 21 p(w2) oo " () b

See, also Example 1.4. In detail in Chapter IV.

3 Post’s Coset Theorem

3.1. Theorem [Post 1940]: For every n—group (Q,A), n > 3, there is a
group (Q,-) and its normal subgroup (H,-) such that: 1) Q € Q/H; 2) the
factor-group (Q/H,D) [of the group (Q,-) over H] is a finite cyclic group,
and |Q/H| |(n —1); and 3) for every 7 € Q, A(x}) =21+ ... T,

See, also Example 1.5. The proof see in Appendix 3.

4 n—groups as algebras of the type
<n,n—1,n—2> with laws

4.1. Theorem [Usan 1997/2]: Let n > 2 and let (Q, A) be an n—groupoid.
Then the following statements are equivalent: (i) (Q,A) is an n—group; (ii)
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there are mappings ~* and e, respectively, of the sets Q"' and Q"2 into the
set Q such that the following laws hold in the algebra (Q,{A,~',e}) [of the
type < n,n—1,n—2>]

(a) A(2772, A(@3"7%), w2n1) = A2y~ Az ),

(b) A(e(ai™®),a7™%,2) = = and

(¢) A((ai™% )" a1 7%, a) = e(a7?); and
(ii1) there are mappings ~' and e, respectively, of the sets Q"' and Q"2
into the set Q such that the following laws hold in the algebra (Q,{A,~  e})
[of the type < n,n—1,n—2>]

(@) A(A(2}), z357") = Ala, Aey™), 2731,

(B) A, a2, e(ai ) = = and

(@) Ala,ai™?, (a172,0)7") = e(af 7).

The case n = 2 is described in [Dickson 1905] (cf. [Clifford, Preston
1964]). In detail Chapter III.

4.2. Remark: e is an {1,n}—neutral operation of n—groupoid (Q,A) iff
algebra (Q,{A,e}) [of the type < n,n — 2 >] satisfies the laws (b) and (b)
from 4.1 [Usan 1988]. Operation ~' from 4.1 [(c),(¢)] is a generalization of
the inverse operation in a group [Usan 1994]. In details in Chapter II and

in Chapter III.
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Chapter 11

TWO GENERALIZATIONS OF A NEUTRAL
ELEMENT OF A GROUPOID

1 Neutral element of n—groupoid

1.1. Definition: Let (Q, A) be an n—groupoid and let n > 2. Then, e € Q
is a neutral element of the n—groupoid (Q, A) iff for alli € {1,...,n} and
for all x € Q) the following equality holds

(1) A(e 2"’ = .

1.2. Theorem [Cupona, Trpenovski 1961]: Let (Q, A) be an n—semigroup
andn > 3. Then, (Q, A) has a neutral element iff there is a semigroup (Q,-)

with a neutral element such that, for every xt € @Q, the following equality
holds

A(@?) =x1 ... - xp.

Sketch of a part of the proof.

Let
de n—2
(2) vy Az, y,"e”).
n—2 n—2 —2 n—3

1) (.Ty)Z = A(A<$»y7 6)727 6):A(ZE,y,A(€,Z,€>, )
= A(x,y,A(z,nEQ,e ,n53 :A(:U7A(y,z,n52),e,n€3)
= Az, Ay, z, e ),n€2) =z-(y-2)

2) z-e @ Alz,e,"e?) = A(az,nél)(:)ac,

ez & A(e,x,nEQ)(:)x.
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= 1z - A2l e) =z - A(A(ah,e), e)
2, n—2 2
= xp - Axg, A(23,€),"e") = a1 - 19 - A2, €)
n n—2
= 1 Tpo- Alzl_,, €
= 1 Tp_o A(A(xfkl,néz ,nél)
n—1, n—2
= o Tn-g* A(Tn-1, A(Tn, € ), €")
—1
— T T, Al E)
= T1°..."Tp_2° " Tp-1,"Tp.

See, also [Cupona 1969). O

By Def. 1.1. from Chapter I and Th. 1.2. from Chapter II, we conclude
that the following proposition holds:

1.3. Corollary: Let (Q,A) be an n—group and n > 3. Then, (Q,A) has a
neutral element iff there is a group (Q,-) such that, for every zt € Q, the
following equality holds

Al@}) =1+ ... .

Cf. [Belousov 1972] and [Kurosh 1974].
Furthermore, the following two propositions hold.

1.4. Proposition: If n > 3, then there exists an n—group (Q, A) such that

every a € @ 1is its neutral element. !

Proof. By Example 1.3 from Chapter [ if (@, -) is a Klein’s group
andn=3.0O

1.5. Proposition: If n > 3, then there exists an n—group (Q, A) such that
no a € @ is its neutral element.

1See, also [Zizovié, Kocinac 1988].
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Proof. By Example 1.4 from Chapter [. O

2 {i,j}—neutral operations of n—groupoids

2.1. Definitions [Usan 1988]: Let n > 2 and let (Q, A) be an n—groupoid.
Further on, let ey, er and e be mappings of the set Q"2 into the set Q. Let
also {i,j} C{1,...,n} and i < j. Then:

1) e, is a left {i, j}—neutral operation of the n—groupoid (Q, A) iff
the followingg formula is satisfied

(1) (Va, € Q)12 (Va € Q)A(ai ™, er(al™?),al %, x,al7}) = x;

7 7—1
2) eg is a right {i, j}—neutral operation of the n—groupoid (Q), A) iff
the followingg formula holds

(r) (Va, € Q)7 *(Vo € Q)A(ai ™", x,a] % eg(al™®), a}~}) = z; and
3) e is an {i, j}—neutral operation of the n—groupoid (Q, A) iff the

followingg formula holds

(n) (Va; € Q)i (Ve € Q)(Alai " e(ai™?),al % 2, aj7) = 2 A

2.2. Remark: An {i,j}—neutral (left, right) operation of an n— groupoid is
a generalization of the notion of a neutral (left, right) element of a groupoid.
Namely, forn =2, e(a}™?) [=e()] is a neutral (left, right) elememt of the
groupoid (Q,A) (:n—2=0, 1=1, j =2). Besides, e is a nulary operation
in the set Q).
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2.3. Proposition [Usan 1988]: Let (Q), A) be an n-groupoid and n > 2. Also
let {i,7} C{1,...,n} and i < j. Then there is at most one {i,j}—neutral
operation of (Q, A).

Proof. Suppose that e; and e, are {i,j}—neutral operations of an n-
groupoid (Q, A). Then, by Def. 2.1, for every sequence a} 2 over () the
following equalities hold

Alai™ ey (at™?), al ex(al™?),a}7) = ex(a}™?) and
2
1

Alai™ ei(at7?), 0], es(ay™?), =
whence we conclude that e; = eq. O
2.4. Proposition [Usan 1988]: Let (Q,A) be an n—groupoid, n > 2,
{i,7} € {1,...,n} and i < j. Then: if ey is a left {i,j}—neutral oper-
ation of (Q,A) and eg is a right {i,j}—neutral operation of (Q, A), then
e, = er and e = e, = eg is an {i, j}—neutral operation of (Q, A).

Proof. By Def. 2.1, we conclude that for every sequence a2 over @Q the

following equalities hold
Alai™ er(ai™?),a] 7 er(af™?), aj=

2
1
Alai™ er(ai™?),a] % er(a} ™), af7F) = e(ai™®),

whence we conclude that e;, = ep. O

2.5. Proposition [Usan 1997/2]: Let (Q,A) be an n—groupoid and let
n > 2. Further on, let the following statements hold:

(1) The < 1,n >-associative law holds in (Q, A);

(i) For every sequence a2 over Q, for every a € Q and for every b € Q,
there is at least one = € Q such that the equality A(a,a} 2, x) = b holds;
and

(iii) For every sequence a}™? over Q, for every a € Q and for every b € Q,
there is at least one y € Q such that the equality A(y,ay ?, a) = b holds.?

2For n = 2 it is a group. For n > 3 there exist (Q, A) satisfying conditions (i) — (iii)
which are not n—groups.
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Then (Q, A) has a {1,n}—neutral operation.

Proof. Firstly we prove the following statements:
1° (@, A) has a left {1,n}—neutral operation; and
2° (@, A) has a right {1, n}—neutral operation.

The proof of 1°:
By (iii), for every sequence aj* over Q and for every a € @ there is at least
one e%)(a?_Q) € (@ such that the following equality holds

(1) A (@} 2),a7 % a) = a

On the other hand, by (i), for every b € Q and for every sequence k]2 over
Q@ there is at least one k € () such that the following equality holds

(2) b= Ala, ki ™% k).
By (1), (2) and (7), we conclude that the following series of equalities holds

Al (ai?), a2, b)

—~
)
~

Alel (a7 7?),al 72, Ala, K772, k)
A(A(ef” (a}72), a2, a), k172, k)
Aa, k772 k)

b,

||
— . II
Nl =

—~
)
—

whence we conclude that for every b € @ and for every sequence a2 over

Q@ the following equality holds
Aef(ai ™), a7 7%, b) = b,
i.e., that (@, A) has the left {1, n}—neutral operation ey.

Similarly, it is possible to prove that there is a right {1, n}—neutral op-
eration eg in (Q, A) [:2°].

Finally, by Proposition 2.4, we conclude that there is an {1, n}—neutral

operation e [= ey = eg]. O

By Proposition 2.5 and Def. 1.1. from Chaper I, we conclude that the
following proposition holds:
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2.6. Theorem [Usan 1988]: Every n—group (n > 2) has an {1, n}—neutral
operation.
In Chapter V, n—groups with {i, j} —neutral operations for {7, j} # {1,n}

are described.
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Chapter II1

n-GROUPS AS ALGEBRAS OF THE TYPE
<n,n—1,n—2> WITH LAWS

1 One generalization of an inverse operation
in the group

1.1. Proposition: Let (Q, A) be an < 1,n >-associative n-groupoid, e its

{1,n}-neutral operation, and n > 2. Further on, let E be an {1,2n — 1}-

2
neutral operation of the (2n — 1)-groupoid (Q, A), where A( - 1)def

A(A(x), 2203Y). Also let
(1) (a1 )" E(@ 2, 0,07 7).
Then, for every a} 2, a,x € Q the following equalities hold

A((ay™ 27a)_1 ai ™% Aa,ai 7% x)) = z,

(
A(A (95 i~ a),ai 7 (a1 a) ") =z,
A((@1™?,a)" a1, a) = e(ai™?) and
Ala,a}™%, (a7 2,a)7) = e(af?).2

Sketch of the proof
1) A((@i*a)"" a1 Ala, a1 ™%, 2)) =

Usan 1994].
2For n = 2, a~

= E(a); a~! is the inverse element of the element a with respect to
the neutral element e ( )

of the group (Q, A4).
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1.2. Proposition [Usan 1997/2]: Let (Q,A) be an n—groupoid and let
n > 2. Further on, let the following statements hold:

(1) The < 1,n >-associative law holds in (Q, A);

(i) For every sequence a}™* over @, for every a € Q and for every
b € Q, there is at least one x € Q such that the equality A(a,a} %, x) =b
holds; and

(iii) For every sequence ay > over Q, for every a € Q and for every
b € Q, there is at least one y € Q such that the equality A(y,a} * a) = b
holds.

Then there are mappings ~*

and e, respectively, of the sets Q"' and Q"2
into Q such that for every a? 2, a,x € Q the following equalities hold

(@) Al(a7” Z,G)‘1 ai ™ Ala,ai™* z)) = z,
(b)  A(A(w,di% a),a17% (a7 a) ) =,
() A((ai* a)"!,ai™" a) = e(a™?) and
(d)  Ala,ai™* (a7 7% 0)") = e(ai™)

Proof. Firstly we prove the following statements:

1° (@, A) has an {1,n}-neutral operation e;

2° (@, A) where A( - 1)d6fA(A( Mz2t ), isan < 1,2n—1 >-associative
(2n — 1)-groupoid;

2n—1

3° For every ai"™ " € @, there is at least one x € ) and at least one y € )
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such that the following equalities

2
A(a%” 2,:5) = ay,,_1 and A(y, 2n— 2) = Qop_1
hold; and

2
4° (@, A) has an {1,2n — 1}-neutral operation E.

The proof of 1° :
By Proposition 2.5 from Chapter II.

Sketch of the proof of 2°:
jl(il(x,al 2y b ), A, dl R ) =
(A(A(A(z, ai 7%, y), b1, 2), 12, u), di 7%, 0)
(A(A(z,at2,y),b7 72, 2), ¢t 72, A, df 2, v))
(A(z,ay 2 y), 0772, Az, 42, A(u, di2,0))) =
(A(z,ai™2,y), 0072 A(A(z, 1%, u),di 2, v))

s s s

2 2
Az, a?_Q, Y, b’f_Q, Az, c’f‘Q, u, d’f_Q, v)).

Sketch of the proof of 3° :

2
A(af" 2, x) = agn—1 <= A(A(a}), aXi7%, x) = agn—y and

2
A(yaa%n 2) = Q2p-1 < A(y7a A( o 2)) = Q2p—1-
The proof of 4° :

By 2°, 3° and Proposition 2.5 from Chapter II.

Finally by 1°, 4°, (1) and Proposition 1.1, we conclude that the equalities
(a) — (d) hold. O

By Proposition 1.2, Theorem 2.6 from Chapter II, Def. 2.1 from Chapter
IT and Def. 1.1 from Chapter I, we conclude that the following proposition
holds:

1.3. Theorem [Usan 1988, 1994]: Let (Q,A) be an n-group and n > 2.
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Then there are mappings ~* and e, respectively, of the sets Q"' and Q"2
into Q such that for every ai 2, a,x € Q the following equalities hold

A((@™?,a) " a2, Ala, a]7?, 7)) = =,

A(A(w, 0%, a),a7 7%, (07", a) ") =z,
A a) a7, a) = e(a} ),
Afa, a2, (@2, a)) = efa}?),
Ale(a?™?),a7%,2) =z and

A(z,a7 ™" e(a] %)) =z

2 Auxiliary propositions

2.1. Proposition [Usan 1997/2]: Let (Q,A) be an n—groupoid and let
n > 3. Then the following statements hold:

(I) If (a) the < 1,2 >-associative law holds in (Q,A), and (b) for every
ay™t x,y € Q the following implication holds
then (@, A) is an n-semigroup; and

(II) If (@) the < n — 1,n >-associative law holds in (Q), A), and (b) for
every at ', x,y € Q the following implication holds
Alai™2) = Alai ™ y) = 2 =y,
then (Q, A) is an n-semigroup.

Proof. In the proof of the proposition we use the method of E. I. Sokolov
from [Sokolov 1976] [from the Theorem 1 in [Sokolov 1976]].

Sketch of the proof of the statement (I):

Alf™ A1), a257) = Alal, Alallh), a2l =

Abr, At Alap ), adiy ), 057 =
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A(blaA(ala (aii?)a 12—711-71—}-1) bn 1)
A<A(blva’1 ! A( H—n l)aaﬁ?)aazn—l,bg_l) =
T™n n— 77— (b)
(A(blva’h Ala zil)va?—i-n-?—l)aa@n—th 1):>
(

b al ! A( i 1)7%2-7-712) A(blvalaA(agi?)va?z;lil)'

A
A

Similarly, it is possible to prove that the statement (II) also holds. O
2.2. Proposition: Let (Q, A) be an n—groupoid and let n > 3. Also let the

following statements hold:
(1) (@, A) is an n—semigroup;
(13) For every at € Q there is exactly one x € Q) such that the following
equality holds
A(a}™ " 2) = an; and
(1i1) For every al € Q there is exactly oney € Q such that the following
equality holds
Ay, ai™) = ay.
Then (Q, A) is an n—group.

Proof. Firstly we prove the following statements:

1° For every i € {1,...,n — 2}, for every a,b,x,y € Q and for every
sequence ay ™3 over Q the following implications hold
(a) Ala, a7t z, a3 b) = Aa,ai™? ,y, al@.b) = x =1y and
(b) Ala,a??, z,a77,b) = A(a,al 3y, a} 1,b) =T =y;

2° For everyi € {1,...,n—2}, for every a,b,c € Q and for every sequence
n—3

ay”” over @ there is at least one x € ) such that
Ala, a7t z, a3 b) = ¢; and
3° (Q, A) is an n—quasigroup.

Sketch of the proof of 1°:

a) Ala,ai™,z,al3,b) = A(a, ™"y, al'~ 3,b> =
Al Ala, i 2,073, b), ) = A, Ala, ai™y, a3, b), ¢)2
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1 (47)

A(A<C?+1laa al 1,.23), b Cl) A( H—l ,(1 al ay)a a; b Cl):>
1)

a; A(
(
A(Cz‘+1 , @, al 1737) = A(Ci+1 y a1 73/) r=y.

b) Ala, ;> x,a7,b) = Aa,af >, y,a17,0) =
) a” (@
A(Clv A( s y L al ! b)> z+1 ) (Cla ( 7?/, a’l - b)? 7,+1 ):g
A(Czlv a, n ’ A(l’ al - b7 C%+1 )) ( n ’ A<y7 al - b7 Cz+1 ))(:ZQ
A(JI7 (l ! b7 Cz—l—l ) A(ya CL1 - b? Cz+1 )

Sketch of the proof of 2°:
Ala, a7z, a3 b) = LY
A( z+17A(a’ al i ) L an ’ b) )

A(A(C?-Fl >aaa21_1>x)a b Cl)

A(C?Jr_ll, c, c’l)&

A(Czn—i-_lla C, Cil)?

l

-1

where ¢]7" is an arbitrary sequence over ). Whence, by (iii) and by (ii),

we conclude that the statement 2° holds.

The proof of 3° : By (ii), (ii7), 1° — (a) and by 2°.

Finally, by (¢), 3° and by Def. 1.1 from Chapter I, we conclude that the
(@, A) is an n—group. O

By Proposition 2.1 and Def. 1.1 from Chapter I, we conclude that the
following proposition holds:

2.3. Proposition: Let (Q), A) n—groupoid and n > 3. Also let the following
statements hold:

(1) The < 1,2 >-associative Jor < n—1,n >-associative] law holds in
(Q, A); and

(2) (Q,A) is an n-quasigroup.
Then (Q, A) is an n—group.?

3See, also [Sokolov 1976] and [Dudek, Glazek, Gleichgewicht 1977].
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3 Main propositions

3.1. Theorem [Usan 1997/2]: Let (Q,A) be an n—groupoid and n > 2.
Then: (Q, A) is an n—group iff there are mappings ~' and e, respectively, of
the sets Q™' and Q™2 into the set Q such that the following laws hold in
the algebra (Q,{A,~,e) [of the type < n,n —1,n—2 >]

(1) A(a? ™2, A(2'7%), wan1) = A2y~ A1),
(2) Ale(a}™ ) 12 1) =1z and
(3) A((a}?,0)7", a7 7%, a) = e(a]™?).

)

Proof. 1) =: By Def. 1.1 from Chapter I and Theorem 1.3 from Chapter
I11.

2) <=: Firstly we prove the following statements:
1° For every a} ', z,y € Q
A(ai™! 2) = Al y) = 2 =y;
2° (@, A) is an n—semigroup;
3° (Va; € Q)1 2(Vr € Q)A(z,a} %, e(al™?)) = a;
4° (Ya; € Q)1 7*(Va € Q)A(a, a7 ™%, (a1™%,a) ") = e(a™%);
5° For every a} ', z,y € Q
Az, a77") = Ay, af™") = = = y; and

6° For every a € () there is exactly one x € () and exactly one y € )
such that the following equalities hold
A(a? 2) = a, and A(y,a}™") = ay.

Sketch of the proof of the statement 1° :

a) The case n = 2 :
Ala,x) = Ala,y) = A(a™t, Ala,z)) = A(a™!, A(a, y))
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b) The case n > 2 :

At 2, a,2) = A(ay 2, a,y) =

Ale(ci™?,a), 1 7% e(ay™?), A(a] 7%, a, 7)) =

Ale(c}™3 a), ey e(al™?), A(a} 2, a, y))(——lg
Ale(ci™,a),ci7%, Ale(ai™), a7, a), 2) =
Ale(ci™,a), 4", Ale(ai ™), ai %, ), y)
Ale(ci2,a), ey a,2) = Ale(c} ™2, a),c1 73 a, y)gx =y

The proof of the statement 2° :
For n > 3, by 1° and Proposition 2.1. For n =2 :(1).
Sketch of the proof of the statement 3° :
Afa, a1, e(a]” 2)) =b=
A((@17%,a)71 a7 7%, Aa, a1 7%, e(a %)) = A((
(A((@i %, 0)7! ﬂQﬂwﬁ%dﬂ2> (a1, a) a1 72, )2
<em?4»¢%2e@??»-—A<¢%%arﬂa?ﬂwﬁ2
e(al™?) = A((a7 % a) " a7 2, p)2
A((a}™%a) Y ay % a) = A((a]™ 2,a)_1,a7f*2,b)é>a =b.
Sketch of the proof of the statement 4° :

A(a, a2, (a}~ Q,a)_l) =b=

A((@p2,0) 7Y b2, Ala,ap 2, (af % a) ) =
A((ar™%,0) " ap 72 0)3
AAC@,0) a2, a), a2, (@, a) 1) =

Ay %, a) " a2, )2

Ale(a;™?), "%Mﬂﬂrw:mm?%Wﬂﬁ*wﬁg
(

(a7, 0) 7 a7 e(af ™) = A%, a) 7 af 2 )50 = e(a] ).
Sketch of the proof of the statement 5° :

(z,a17% a) = A(y,ai”*,a) =

(Mm% *.a).af?, (af %)) = A(A(y.af,a), af % (o} 2,0) )=
(z, a1, Ala, %, (af %, a) 7)) = Aly, af %, Ala,af (a2, a))S
A, elal ) = Aly, o} olaf ) S =y

Sketch of the proof of the statement 6° :

N

o

s
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s

x, a2, )—bit’:>

a) A(
(A(z,ai7% a),a1 7%, (a7, a)7") = A
(
(

AN

Az, a7~ A(a ai ™ (ai7% a)7"))

z,ai~? e(ai ™)) = A(b, a7, (ai”
l’—A(b,a’f % (a1 a) 7).

b) A(a,a} 2 y) = bE
A((a7™2a)7 Y al 72, Ala, al 72 y)) = A((al 7%, 0) 1 a2, )&
A(A((a52, )7 a5, a), ap 2, y) = Al(ai- 2 a) ap 2, 0) 8
Ale(ay?),al 2, y) = A(a] %, a) " a5 2, b)E
2 a)"ay ).

Finally, by 2° and 6° for n = 2 and 2°,6° and Proposition 2.2 for n > 3, we
conclude that (@, A) is an n—group. O

3.2. Theorem [Usan 1997/2]: Let (Q,A) be an n—groupoid and n > 2.
Then there is at most one pair of mappings ~* and e, respectively, of the
sets Q"' and Q"2 into the set Q such that the laws (1)-(3) from Theorem
3.1 hold in the algebra (Q,{A,~',e}) of the type <n,n—1,n —2 > .

Proof. Assume that there are mappings

e Qrl 5 Qand e, QU2 — Q, ke {1,2},
such that the laws (1)-(3) from Theorem 3.1 hold in the algebras (Q,{A4,7! ,e;})
and (Q,{A,7'2 e;}). Whence, by Th. 3.1, we conclude that the following
statement holds:

*(Q,A) is an n—group.
By 1*, by Th. 2.6 from Chapter II, and by Prop. 2.3 from Chapter II, we
conclude that the following statement holds:

2% e; = ey (=e).
In addition, by 2* and by (3) from Th. 3.1, we conclude that the following
statement holds:

3* for all @ € @ and for every sequence a2 over Q, the following equal-
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ities hold
A((a772,a)™",a' %, a) = e(aj™?) and A((af~*,a)7"2,a]7%,a) = e(aj?).

Finally, by 1*, 3* and by Def. 1.1 from Chapter I, we conclude that for all
a € @ and for every sequence a2 over @) the following equality holds
(a1 a)™" = (a1, a) 7",

i.e., that ~1t =—12
3.3. Theorem [Usan 1997/2]: The laws (1)-(3) from Theorem 3.1 are
mutually independent.

Proof. a) The laws (1) and (2) from Th. 3.1 hold in the algebra (Q, {A,™" , e})

of the type < n,n — 1,n — 2 >, where n > 2, |Q| > 1, A(az’f)dgzvn, ~1an
arbitrary (n — 1)—ary operation in @) and e(a’f_Q)défc—constant. However,

the law (3) from Th. 3.1 does not hold.

b) The laws (1) and (3) from Th. 3.1 hold in the algebra (@, {A,”*, e}) of
the type < n,n—1,n—2 >, where n > 2, |Q| > 1, A(x?)défml, e(a?_Q)défc—
constant and (a?_Q,a)*ldéfe(a?_2). However, the law (2) from Th. 3.1 does

not hold.

c1) The case n > 2 : Let (Q,0) be a group, ~! its inverse operation, and
let (Q, B) be an (n — 2)—groupoid which is not an (n — 2)—quasigroup [for
n=3: B¢Q!]. Then (Q, A), where

A, 0} )2 e0(B(a)2) 1Oy,

satisfies conditions of Proposition 2.5 from Chapter II and of Proposition
1.2 from Chapter III. Thus, there is an algebra (Q,{A,”!,e}) of the type
<mn,n—1,n—2 >, in which the laws (2) and (3) from Th. 3.1 hold. However,
the law (1) fails to hold in (@, {A,7!,e). Indeed, if the law (1) from Th. 3.1
holds in (Q,{A,™!,e}), then by the Th. 3.1 (Q, A) is an n—group, which
contradicts the assumption that (@, B) is not an (n — 2)—quasigroup [for
n=3:BeQ!.

¢2) The case n = 2 : Let (Q, A) be a Moufang loop which is not a group,
let e = e(() be its neutral element and ~! its inverse operation (cf. [Bruck
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1958] or [Belousov 1967]). Then the laws (2) and (3) from Th. 3.1 hold in
the algebra (Q, {A4,7!,e}) of the type < 2,1,0 > . However, the law (1) does
not hold. O

In this way, an algebra (Q, {4, e}) of the type < n,n—1,n—2 > is
associated to every n—group (@, A); Th. 1.3. Among laws which hold in this
algebra, we point out the following ones:

(1) A(A(z}), a75") = Az, Ales™), 23050),

(1r) A(2772, A(2y5?), won—1) = A2y~ A(e" ),
(21) Ale(ai™),ai 7%, 2) =z,

(2r) A(z, a7 e(ai™?)) = =,

(3) A((ai ™% )7, a1 7%, a) = e(ai ™),

(3r) A(a,,a1 ™% (a1, a)™") = e(ai ™),

(41) A((a7™%a)" 1, a2, A(a,af 2, 2)) = z and
(4r) A(A(z, 0172 a),a77%, (a1 7% a)7!) = 2

Further on, among the above laws, we choose six [for n = 2 four®] systems
of three laws, as described in tables 1-6 [the laws which are represented by

marked fields in Tables 1-6]. Namely, the following proposition holds:

3.4. Theorem [Usan 1997/2]: Let (Q,A) be an n—groupoid and n > 2.

Then the following statement holds:

1

(a;) (Q, A) is an n—group iff there are mappings ~' and e, respectively,

of the sets Q"' and Q"% into L|R L|R L|R
the set ) such that in the alge- 1 ° 1] e 1| e

bra (Q,{A,~1,e}) of the type < 2] e 2 o 2] e
n,n —1,n —2 > the laws from 3| e 3 . 3

the marked fields from the Table 4 4 4 °
i? i€ {17 T ’6}7 hOZd; Tabl. 1 Tabl. 2 Tabl. 3

4(1) = (1r), (2) = (21) and (3) = (31), where laws (1)-(3) are from Th. 3.1.
SForn =2, (11) = (1Rr).
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(b;) There is at most one pair of L|R L|R L|R
mappings ~1 and e, respectively, 1 ° 1 ° 1| e

of the sets Q"' and Q"2 into 2] e 2 o 2 o
the set @ such that in the alge- 3 3 3

bra (Q,{A,~1,e}) of the type < 4 ° 41 e 41 e

n,n —1,n —2 > the laws table  Tubl. J Tabl. 5 Tabl. 6
i, i€ {l,...,6} hold; and
(¢;) The laws from the marked fields from the Table i, i € {1,...,6}, are

mutually independent.

Proof. 1) i=1:Th. 3.4 - (ay) is a Th. 3.1, Th. 3.4 — (by) is a Th. 3.2,
and Th. 3.4 — (¢y) is a Th. 3.3.
2) The proof of (a;), i € {2,...,6} :
1 = 2 : Similarly to the proof of Th. 3.1; Table 1 and Table 2.
1 = 3 : Firstly we prove the following statements:
°1 A(z,a} % a) = A(y,ay%,a) = x =y for all z,y,a,a} 2 € Q;
°2 (@, A) is an n—semigroup;
°3 A(a,a? 2, (@} 2, a)™") = e(a}?) for all a,a} ? € Q; and
°4 A(z,a} % e(a}?)) = .
The proof of °1 : By (4g).
The proof of °2 : By °1, and by Prop. 2.1.

Sketch of the proof of °3 :
e(ai™?) “A(A(e(at” 2) @i a),ai 7, (a1 7% a) )
ZA(e(ai™?),ai*, Ala, af *(af %, a) 7))
W g, (07,0,
Sketch of the proof of °4 :
v WA, 017 0), 07 (01 ) )
OZA(l" ay~? A(a ay (a7, a)7))
2A(z, a7, e(a] ™).
Finally, by °2, °3[= (3r)], °4[= (2r)], and by Th. 3.4 — (az), we conclude
that Th. 3.4 — (a3) holds.
t =4 : For n = 2 the case "t = 4”7 coincides with the case ”i = 3”. Let
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n > 3. Firstly we prove the following statements:

T A% a,2)=A(a} 2 a,y) =z =y for all 2,y,a,a} % € Q;

2(Q,A) is an n—semigroup;
3 A(a,al™ (a? 2 a)7Y) = e(ay™?) for all a,a? € Q; and
4 A(x,at 2, e(a}™?)) =z for all z,a7 % € Q.

Sketch of the proof of T:

Afai* a,2) = Alal %, a,y) =

Afe('@ >, (@), A2 0,0)) = A(e('3), T elal=?), Aai= a,9)) =
A<e<”a ),"a", Ale(a™?), a2, a),x) = A(e("a’),"a’, A(e(a™?), a7 2, a),y) =
Ale("a?),"a’, a,z) = Ale("a’),"a’,a,y) = z = y.

a,a,
The proof of 2 : By 1, and by Prop. 2.1.
Sketch of the proof of 3 :
e(ai™?) P A(A(e(al ™), ai 2 a), a7, (a1 % a) )
ZA(e(ai ™), af ™, A(a, af %, (a2, 0) 7))
A, (a1 a) ),

Sketch of the proof of 4 :
v LAA a1, 0),07 (a1 ) )

ZA(w,a7 72, Ala, a} (a7 7% a) 1))

SA(w a7, e(ai?)).
Finally, by 2, 3[= (3r)], 4[= (2r)], and by Th. 3.4 — (az), we conclude that
Th. 3.4 — (ay4) holds.
1 = 5 : Firstly we prove the following statements:
1 Ala,at 2 2) = A(a,at2,y) = v =y for all z,y,a,a} 2 € Q;

2 (Q, A) is an n—semigroup;

3A((a? 2 a)"" at % a) = e(a}™?) for all a,a} % € Q; and
4 Ale(ay™2),at %, z) = x for all z,al2 € Q.
The proof of 1: By (4z).
The proof of 2 : By 1, and by Prop. 2.1.
Sketch of the proof of 3 :
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n— (4 ) n— _ n— n— n—
e(al 2) A:LA((al 2,&) laal Q,A(a al 2’e(a1 2)))
ZA(A((a7 % a) " ab 2, a), a2 e(al?))
(a0 a0,

Sketch of the proof of 4 :
(4r)

v =A(a]™a)” a? ’ A(a ai™?, )
ZAA((@},a) ™ a2, 0), 0} 2, )
3 Afe(a}?), af- 2,x>.
Finally, by 2, 3[= (31)], 4]= (2.)], and by 3.4 — (a;)[= Th.3.1], we conclude
that Th. 3.4 — (a5) holds.

t =6 : For n = 2 the case "¢ = 6” coincides with the case "¢ = 5. Let
n > 3. Firstly we prove the following statements:
A(x,a,a7?) = Ay, a,a}™?) = x =y for all z,y,a,a} % € Q;
(@, A) is an n—semigroup;
3A((ay%,a)7, at 2, a) = e(a}™?) for all a,a} % € Q; and
1 Ale(a?™?), at~ 2,x)—xforallxa1 € Q.
Sketch of the proof of 1 :

x,a,al” ) Aly,a,al” 2):>

[ DIl =l

Al a,ab %) e(ab2), "’ e("a”)) = A(A(y, a,ab %), e(a2),"a" e("a")) =
=

A(
A(
Al Ala, 0%, e(a ™)), " e('a")) = Aly, Afa, 0} e(ai ™)), "a" e("a"))
A(z,a,"a’ e("a’)) = A(y,a "e("a))) =z =y.
The proof of 2: By 1, and by Prop. 2.1.
Sketch of the proof of 3.
e(ai™?) A1 0) 7 a1 Ala, a1 e(a72))
ZA(A((a1 7%, a) " ai %, 0), @12, e(al )
(2:}2)14((@71‘_2, a)~',a}™% a).
Sketch of the proof of 1:
r A e Al i)
=A(A((a1 7% a) a7 a), a1 7% x)

2 Ale(a; ), af 2, ).
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Finally, by 2, 3[= (3.)], 4= (2.)], and Th. 3.4 — (a;) [=Th. 3.1], we
conclude that Th. 3.4 — (ag) holds.
3) The proof of (b;), i € {2,...,6}:

By Th. 3.4—(a;), by Th. 2.6 from Chapter II, by Prop. 2.3 from Chapter
II, and by Def. 1.1 from Chapter 1. (See, the proof of Th. 3.2.)
4) The proof of (¢;), i € {2,...,6}:
41) The proof of (¢2) :

a) The laws (1) and (2g) hold in the algebra (Q {A ~',e}) of the type
<n,n—1n—2> wheren > 2 |Q| > 1, A(xl)—xl for all 27 € Q,
an arbitrary (n — 1)—ary operation in @ and e(a}™?) = ¢ for every sequence
a2 over Q. However, the law (3z) does not hold.

b) The laws (11) and (3g) hold in the algebra (@, {A ~1 . e}) of the type
<nmn—1n—2> where n > 2, |Q| > 1, A(z} )—xn for all 21 € Q,
e(ay” 2) = ¢ for every sequence af? over @ and (a} 2, a)”" = e(a}?) for all
a,a}”? € Q. However, the law (2z) does not hold.

¢) See the proof of Th. 3.3.
49) The proof of (¢3) :

a) The laws (11) and (2;) hold in the algebra (Q,{A,”!,e}) of the type
<n,n—1,n—2> wheren >2 |Q|>1, A(:v?)défxn for all 27 € @), e an
arbitrary (n —2)—ary operation in @, and (af2?,a)~' = c for all a,a} > € Q.

However, the law (4g) does not hold.

b) The laws (17) and (4z) hold in the algebra (Q,{A,™ ,e}) of the type
<n,n—1,n—2> wheren > 2 |Q| > 1, A(z}) = z; for all 27 € Q, 7!
2
1) =

an arbitrary (n — 1)—ary operation in @, and e(a]™*) = ¢ for every sequence

a}™% over (). However, the law (21) does not hold.

¢) See the proof of Th. 3.3. (In Moufang’s loop (@, A), also the following
laws hold: A(a™!, A(a,z)) = x and A(A(x,a),a') = z; for example [Bruck
1958] and [Belousov 1967].)
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Similarly, it is possible to prove the statements (c4) — (¢g). O

3.5. Remark: Th. 3.4—(ay) for n = 2 is proved in [Dickson 1905]. (Cf.
[Cliford, Preston 1964].)
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Chapter IV

HOSSZU-GLUSKIN ALGEBRAS AND n—GROUPS

1 Auxiliary propositions

1.1. Proposition [Usan 1995/1]: Let (Q, A) be an n—group, e its {1, n}—neutral
operation and n > 3. Then, for every ai 2,07 2.2 € Q and for all i €
{1,...,n — 1} the following equalities hold

A(va?iae(b?i%’biil) = A(e<a1 ) a? 27 ) and

Sketch of the proof.

)F( bn—?)défA(x’ bn—2 (bn ) bz 1)
Pl b2), 57 e(B),671) = A(A(r, B, e(62),671), b2, (b %), b71) =
A(F (2, b77), b7 7%, e(b172), 1) = A, b7, A(e(b1 %), 0772, e(by ), 017) =
(

A
(

A(F (2, 0772), 0072, e (b7 2), b 71) = A, b2, e(02),007) =
(
(

T

2,07 = =
7% e(0i %), 00) = Ale(ay™ ,);

A )
2) F(z, b)) A2, e(b772), b7 2) =

A (7). 07 Pl 7)) = A= e(5i=). b7 AGI, e(b=2), b 2) =
A2, 61, B, P, b)) = AGE, A=), b2 (), 671, 2) =
A2, e(b7%), 00, P, by77)) = A(b %, e(0) ), b @) =

F(z, by ) =2 =

A, e(6772).67! 1) = Al a2, eaf ™). O

1.2. Proposition/Usan 1995/1]: Let (Q,A) be an n—group, ~* its inverse
operation and n > 2. Then for every sequence ai™' over Q) there is exactly

one x € (Q such that the equality
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holds.

Proof. Firstly we prove the following statements:

1° For all a2, 2 € @ the following equality holds
(1) (a7, (a7 % )"t = x; and

2° For all a7 2, z,y € Q the following equivalence holds

(2) (@) =ap1 & o= (a7) 7N
The proof of the statement 1° :

By Th. 1.3 from Chapter III, for every sequence a2 over @ and for
every x €  the following equalities hold
A((a}™2,2)7 Y, a} 2 2) = e(a}?) and
A(@? ™%, ) a™?, (@7 (a7 ) 7)) = eal 7).
Since (Q, A) is an n—quasigroup, we conclude that for every a2,z € Q the
following equality holds

(@2 @0 =
The proof of the statement 2° :

By 1°, we conclude that for all af 2, z,y € @ the following sequence of
implications holds
(a7 2)" = (a7 y) " =
(a3, (a2, 0) )7 = (@, (a2 0) ) = e =
Hence, we conclude that also for all a7 2, z,y € Q we have
(@)t =@y e =y

L over () and

Finally, by 1° and 2°, we have that for every sequence aj~
for every x € () the following sequence of equivalences holds
(a7 % 2) ' =a,1 &
(@' (et 0) ) = () e = (7)Y
and hence, we conclude that for every a}™' € @ the following equivalence

holds
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(ai ™% 2) " = apy & @ = (ai )7

Remark: For n =2, ~' € Q!.

1.3. Proposition [Usan 1994): Let (Q, A) be an n—group, e its {1, n}—neutral
operation, ~' its inverse operation andn > 2. Then for every a? 2, b2
Q the following equality holds

(a) Al b1 y) = A(A(z, a7, (a7, e(B17%)) 1), ai % ).

7‘7;7y€

Proof. 1) For n = 2 the equality (a) reduces to the equality:

Alz,y) = Az, y).
2) Let n > 3. Let also z,y,a} % b} 2 be arbitrary elements of the set Q.
Then, by the assumptions, we have the following equalities

Az, a1 y) = A(z,a17, zg(e(b’f_z), b’f_Qéy))
= A(A(z, a1, e(b177)), b1, y),

i.e. the equality

A(A(z, a2, e(b17%)), 0172, y) = Az, a1 7% ).
Thereby, since for all x, 1, a7 2, b7"% € Q the equivalence
Az, 0l 7% e(b17?) = 2 & 2 = A(w,a1 7%, (a1 7%, e(b17%)) ")

holds, we conclude that the equality (a) is satisfied. O

1.4. Proposition [Usan 1995/1]: Let (Q, A) be an n—group, e its {1,n}—ne-
utral operation and n > 3. Then for every sequence at'* over Q and for every
i€ {l,...,n—2} there is exactly one x; € Q such that the equality

e(aiila Li, a?i?’) = Qp—2

holds.

Proof. By Proposition 1.2 and Proposition 1.3, we conclude that for every
i € {1,...,n — 2}, for every sequence a} 2 over ) and for every z; € Q, the
following sequence of equivalences holds

e(ai_l, X, a?_g) = an—2g

(a7 ™% e(ay ' i, af 7)™ = (a7 an2) ! &
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» T
Ale(ai™), a1 7% (a7 ™%, ap2) 1), a1 7% 001 7?)) &
Ale(@!™), a1 @i, 07 7% e(ai™?) = (a7, ap)
and hence we conclude that the equivalence

e(ai ! x50l ™) = ap_y &

Ale(ai™?), a2y, a7 7% e(a] ™)) = (a1 7% ap—2) ™!

holds for every i € {1,...,n — 2} and for every a2, z; € Q. Hence, since

(@, A) is an n—quasigroup, we conclude that the proposition is true. O

2 Hosszu—Gluskin algebras

2.1. Definition [Usan 1995/1]: We say that an algebra (Q,{-, v, b}) [of the
type < 2,1,0 >/ is a Hosszti—Gluskin algebra of order n (n > 3) [briefly:
nHG—algebra] iff the following statements hold: (1) (Q,-) is a group; (2)

0 € Aut(Q,-); (3) ¢(b) =b; and (4) for every x € Q, " *(z)-b=1b- .
See FExample 1.4 from Chapter I.

2.2. Proposition: Let (Q,{:, p,b}) be an nHG—algebra. Also, let
(5) Alet) - plea) - " () b
for all x} € Q. Then (Q, A) is an n—group.

Proof. Firstly we prove the following statements:
1° (@, A) is an n—quasigroup; and
2° (@, A) is an < 1,2 > —associative n—groupoid.
The proof of the statement 1° :
By (1),(2) and (5).

n—3

"Proposition 1.3: z =y = e(a} ?) and b7 2 = '™ *, 2, a]
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Sketch of the proof of 2°:
A(A(l’l),xi’lll) =

(w1 - () oo " Hwn) - ) - p(Tnsr) - PP (Tng) oo " H(@201) b =
I (167 IR 1($n> b p(Tni1)) - @Q(xnﬂ) et @n_l(fﬁznil) b=

ry - () - 0" (@) - 0(B) - (1)) - 9 (Tng2) oo @ (@2n1) b =
z1 - (w2 " 2( ) b Tngr) 0 (Tnge) @ (o) b=

2y p(xy - " (@) @ (@) - b) - P (ga) @ (o) b =

A(‘Tlv A(ZEZ—H), :Eiqul).

Finally, by 1°, 2° and Proposition 2.3 from Chapter I1I, we conclude that
the proposition is satisfied. O

2.3. Definition [Usan 1995/1]: We say that an nHG—algebra (Q,{-, ¢, b})
is associated (or corresponds) to the n—group (Q,A) iff the equality (5)
holds for all 7 € Q.

3 A proof of the Hosszii — Gluskin Theorem

3.1. Theorem (Hosszi — Gluskin Theorem): Let (Q, A) be an n—group, e
its {1, n}—neutral operation andn > 3. Let also {2 be an arbitrary sequence

over (), and let
(a) v -y Az, 172, y),
(b) p(x) < A(e(i2),2,17%) and

n

def 4 Ty

(¢) b= Ale(ci ™))
for all z,y € Q. Then, the following statements hold: (i) (Q,{-,,b}) is an
nHG—algebra; and (ii) for every a7 € Q the equality

(d) A(x}) = x1 - @(22) - .- (@) - b
holds.?

2[Usan 1995/1]. The proof of the theorem follow the idea of E.I. Sokolov from
[Sokolov 1976]. In detail in Appendix 2.
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See, also Ch.I-2.1.

Proof.? Firstly we prove that the stetements (1)-(4) from Def. 2.1 hold.
The proof of the statement (1): By (Q, A) is an n—group.
Sketch of the proof of (2):

avb) n— TL
o@-y) L Ae(d?), Az, % y), &2
X
2

—~ —

Sketch of the proof of (3):
o8 Lo(ateler N ZAelet ), Al 7)), ef )
= A(A(e(ci 7)), e(ch ), =) EAlele ).
Sketch of the proof of (4):

(a),(c) T n—
box EIAA(())), 2 )

= A(e(Z?*Q)LA(e(c’f %), 7% 1)
= Ale(c} %), Alz, ¢} 2, e(c}7?)))

DA, pl), e(2))
= A(e(CTll_2)|7 A(gp(l’), 0711 27 e(dlZ 2))7 e(dll_2))

3[Usan 1995/1].
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Finally, we prove that the statement (d) holds.

By definition (a) — (¢), using the asumption that (@, A) is an n—group, e
its {1, n} —neutral operation and n > 3, and by Proposition 1.1 from Chapter
IV, we conclude that for every z7 € @ the following sequence of equalities
holds:

A7) = A(? ™ A e(c72), A, 612 e(c] 7)) =

A A Ale(d %), 20, ¢177) (7)) =
= Al A2, pl@n), e(c1 7)) =
=A@l A(zn-1, &%, pl@n)), e(c 7)) =
= A2} 2 - 90(%) e(d™) =
= A Al e(cl ™), A1 (), 177 e(c] 7)), e(c1 %)) =
= A7 A>T, A(e(e72), 21 - (@), 1 72), e(c1 %)), e(c1 %) =
= A1 A7, p(@n-1 - plan)), e(c17?)),e(c17%)) =
= A7, Az, 6172, (201 - (), e(c1™2), e(c] 7)) =
= A1 tpma - p(2a1 - plwn)),e(ci7%),e(c17%)) =

= Az @(x2) - " H(2), e<g§_2)‘) n—1
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4 Two descriptions of all nH(G—algebras cor-
responding to the same n—group

4.1. Theorem [Usan 1995/1]: Let (Q, A) be an n—group, e its {1,n}—neu-
tral operation, and n > 3. Further on, let ¢}~2 be an arbitrary sequence over
Q, and let for every x,y € Q

def n—
B(cyiz)(% y) = A(I7 €1 27 y>7
def n— n—
QO(CT72)(I) = A(e(cl 2>’ Z,C 2> and
def \ — v
b(qh?) - A(e(cl 2)|>

Let also

def n—
CA = {(Q’ {B(C?—Q)’ SO(C?—Q), b(c’iz—Q)}>’CI 2 & Q}

Then for every nHG—algebra (Q,{-, ,b}) the following equivalence holds
(Q,{-,0,b}) €Ca = (Va; € Q)TA(2}) = 21 - o(2) - ... - 0" Hzy) - D.

Proof. 1) =: By Theorem 3.1, we conclude that for every nHG—algebra
(@, {-,p,b}) the following implication holds:

(Q7 {" 2 b}) €Cy= (V:L’l € Q)?A(SE?) =Ty (10(‘7:2) et @n_l(wn) - b.
2) «:
2; Let (@, A) be an n—group, n > 3, (Q,{-,¢,b}) an nHG—algebra, e the
neutral element of the group (@, ) and ~! the inverse operation in (Q, ). Let

also for every =] € () the following equality holds:

Alx?) = x1 - o(xa) - ... - " L(x,) - b.
If in the above equality we put z3 2 = "¢ and @, = b~1, since p(b) = b and
thus also ¢(b™1) = b1, we conclude that for every xy,z, € Q the following
equality holds:

A(xl,nég, b1 x,) =21 - Ty,
and hence we conclude that for all x,y € Q) the equality

z-y=Bas, , (2.9)
also holds.
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2, Let (Q,{-,,b}) and (Q,{-,,b}) be two nHG— algebras, e the neutral
element of the group (@, ). Let also for every a} € @ the following equality
holds

Ty - o(wg) ... 9071_2(337#1) bexn, =21 P(22) - .. '@n_2<xnfl) bz,
If in the above equality we put x1 = ... =z, = e, we conclude that
b=",

which means that for every z} € ) the following equality holds
- (wa) o @ (W) by =1 P(T2) PV (Tl) b g,
and hence, by similar argument, we conclude that

w =
23 By Theorem 3.1 — (i) and by that the arguments from 2;) and 2,), we
conclude that for every nHG—algebra (Q, {-, ¢, b}) the following implication
holds

(Vz; € Q)T A(2}) = 21 - p(22) .- " Hwn) b= (Q,{",¢,b}) €Ca. D
A consequence of Theorem 4.1 and Proposition 1.3 is the following propo-
sition:

4.2. Proposition [Usan 1995/1]: Let (Q), A) be an n—group, e its {1,n}—ne-

utral operation, ~! its inverse operation and n > 3. Let also (Q,{-,¢,b}) be
an arbitrary nHG—algebra corresponding to the n—group (Q, A), e the neu-
tral element of the group (Q,-) and ~' the inverse operation in (Q,-). Then
for every b7 % € Q the following equality holds:

e(b1™%) = (p(br) - ... - 9" *(bp) - b) "
Proof. By Theorem 4.1, there is a sequence a} ™2 over @ such that for all
x,y € @ the equality
(a)  z-y=A(r,a?y)
holds. The following also hold
(b) e =e(ai™?),
and
(©  (YaeQul=(a%a)"
Let also b2 be an arbitrary sequence over (. Then, by Proposition 1.3, for
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all x,y € @ the following equality holds
Az, 0772 y) = A(A(w, a7 7%, (a2, e(0] 7)), a1 7%, y),
i.e., by (a) and (c), also the equality
Az, 072 y) = - (et ™) " -y
Hence, since (@, {-, ¢, b}) is an nHG—algebra corresponding to the n—group
(@, A), we conclude that for all z,y € @ the following holds
2ep(br) e 2 (bua) by = - (B 2) -y,
Hence, we conclude that the proposition holds. O
4.3. Theorem: [Usan 1995/1]: Let (Q, A) be ann—group, n > 3, (Q,{-,»,b})
an arbitrary nHG—algebra corresponding to the n—group (Q,A),”* the in-
verse operation in (Q,-), k € Q and for every z,y € Q
(@ e ye ke,
B)  en@)Zh - p(2) - (k) and
() R ek e (k) b,
Let also
() CaUQ L onbiDIk € Q)
Then, C4 is a set of all nHG—algebras corresponding to the n—group (Q, A),
i.€., then éA =Cy.
Proof. 1) Let (@, {-, ¢,b}) be an arbitrary nHG—algebra corresponding to
the n—group (@, A). By Theorem 4.1,
(@, {-, ¢, b}) € Ca,

i.e., there is a sequence a2 over @ such that
Tr-y = A(Ilf, a?_zvy)a
p(z) = Ae(ai™),z,a7?) and
b= Ale(a;™?)])-
In addition, by («) — (), we conclude that - = -., ¢ = ¢, and b = b., where

e is the neutral element of the group (@, ), and hence also
(Q? {'7 2 b}) € CA-

Thus,
(Qv {'7 2 b}) € CA N CA
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also holds.

2) Let also (Q, {©o, vs,bs}) be an arbitrary nHG—algebra corresponding
to the n—group (@, A). By Theorem 4.1,
(Q, {0, ¢o,bs}) € Ca,
i.e. there is a sequence b} ™2 over ) such that
roy = Az, b7 y),
v, = Ale (b”*Q) x,b77?) and

by = Ale (b" e(ti?))).
By Proposition 1.3, for all z,y € @ the equality
A, B2, y) = A(A(w, @i, (a2 e(B12) ), a1 2, p)
holds. Since a2, b7~% are fixed elements of the set Q, there is k € Q such
that
(a1, e(b17?) " = k.
Hence, for all z,y € @), the equality
roy=x-k-y
holds. In addition
e(bi™?) = k%
for the inverse operation ~! in the group (@, -), namely, the following holds
a1 = (a? 27a)71
for every a € Q. Thereby, and by the assumption that (Q,{-,,b}) is an
nHG—algebra corresponding to the n—group (Q, A), by Proposition 4.2, we

conclude that for every x € @) the following sequence of equalities holds
polr) = Ale(by™?), z, b7
= e(b ) plw) - A (b1) e 0 (baa) b
=e(ti ) ()  *(br) ... - " (buoa) - 0(D)
=e(0i %) - p(a) - plp(b) - -@"’Q(bn—ﬂ-b)
— e(b) - plx) - pl(e(bi2) )
= k7 p(x) - p(k),

hence we conclude that for every x € @) the equality
po(x) =kt - p(x) - (k)

holds. Similarly, we conclude that also the following sequence of equalities

holds
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b = Al ) 2
=e( ") - (et ™) ... " (e(B7Y)) - b
=kt (k7)o" (kT - b,

and hence we conclude
b, =k~ 1. go(k:’l) Ce gp”*l(k:*l) - b.

3) Finally, let (Q, {0, o, bo)}) be an arbitrary element from the set Cj.
Then, by (a) — (), there is k € @ such that for all z,y € @ the equalities
roy=x-k-y,
po(x) = k™t - p(2) - p(k) and
bo =kt (k7). "N kT D
hold. In addition, by Proposition 1.2 and Proposition 1.4, we conclude that
for every sequence b} over @ and for every i € {1,...,n — 2}, there is
exactly one x; € () such that
(a1 ey, b)) 7 = k.
Hence, firstly, by Proposition 1.3, we conclude that for all x,y € @ the
following sequence of equalities holds

oy x-k-y ‘
A(A(z, _2, (a2 e(bi 23, 07 70) 1), a2, y)
A

( b xia bzn_ga y>7

D>w

i.e. that for all x,y € () also the equality
roy = A(ZE, bli—l, X, b’Z(l—3’ y)
holds. Further, by the similar argument as in 2), we conclude that for every

x € @ the following sequence of equalities holds
po(z) =k 90(1‘) (k) ,
e(bi !, 2, 07 7%) - p(a) - ple(bi 2y, 07 7%)) )
“o(bi @i b)) - (o) - @) 0" (bns) - D)

ll“k ||
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=e(by b)) (@) P (br) g ()
=e(by @i by ) (@) @ (br) - T ()
= A(e(bli_lv L, b?_3), Z, bz_lv Ls, b?_:s)a
i.e. that for every z € @ the equality
po(x) = Ae(by @i, 07 72), 2, 0y, 24, b7 )
is satisfied. Finally, since k' = e(bi™*, z;,b'®) and by the assumption that
(@Q,{,p,b}) is an nHG—algebra corresponding to the n—group (@, A), we
conclude that
bo =k7t-p(k7h) T (k )b
:e(bi_l,mz,b" 3) gp(b L, UERY o (oD 2, b)) - b
= A(e(b;! %b" Ik
i.e. that .
be = A(e(bi 17 zab? 3)|>7
and hence
CaCCa
also holds. O
4.4. Remark: One generalization of Hosszu-Gluskin Theorem is given in

[Dudek, Michalski 1982].
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Chapter V

n—GROUPS WITH {i, j}—NEUTRAL
OPERATIONS FOR {i, j} # {1,n}

1 Main proposition

1.1. Theorem [Usan 1995/2]: Let (Q, A) be an n—group, n > 3, (i,j) €
{1,...,n}?% i< jand{i,j} # {1,n}. Let also (Q, {-, ¢, b}) be an nHG—algebra
associated to the n—group (Q, A). Then, the following statements are equiv-
alent:

(1) (@, A) has an {i, j}—neutral operation; and

(i1) (Q,) is a commutative group, ¢~ = I and @'=' = I, where I is
the identity permutation of the set Q).

Proof. 1) One convention: Let (Q,:) be a group (semigroup) with the

neutral element e. In the proof we use the following convention:

q cp-...-cq ,p<q
(1) t[[ ¢ stands for { ¢, p=q !
—=p . ,cg:(l).

For examp&e

AL ' (bi—2) = e (" bi2) [y = 0).
2) (i) = (i1) : Let (Q, A) be an n—group, n > 3 and let (Q,{-,¢,b}) be
an arbitrary nHG—algebra associated to the n—group (@, A). Also let e the
neutral element of the group (Q,-) and ~! the inverse operation in (Q,-).
Further on, let E be an {i,j}—neutral operation of (@, A) such that the

n+1 d n
!The case p < ¢ is based on the following convention: [] ¢ éf(]_[ ¢t) + Cp1 and
t=1 t=1
m
d
I « éfcm.
t=m
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condition

2)  A{igr#{Ln}
holds. Then, using Th. 3.1 from Chapter IV and convention (1),we conclude
that for every z, b} 2 € Q the following equalities hold:

(3) (zﬁi @' (b)) - " E(BT ) (ZT;IQ @' (be)) -’ () - (tzli1 ' b—2)) b =a
and i—1 . Jj—2 . n

(4) (IL & (b)) () (IT ' (b)) -7 H(EDBT2))- (tzlji+1 ' (b)) b = x,
hence, we have thatA for every x, b7 2 € Q the following equality holds

(5) ¢ €0 2) - (I (027 (0) = 940 (T (00) -7 (ECB2)).

Substituing x by e, we deduce from (3) that for every sequence b2 over
@ the following equality holds

. i—1 n j—2
(6) (05 2)) = (T~ (b) ™+ b7t - (11 ¢ b)) (I (b))
= =) =7
hence, since (Q, -) is a group and ¢ and ~! are permutations of the set @, we
conclude that the following holds:

1° E is a permutation of the set @ for n = 3, and (Q,E) is an (n —
2)—quasigroup for n > 4.

The consequence of the condition (2) is the following:

2° If ©t(by)|/=7 is not empty sequence, then at least one of the variables

b; and b,_» is not the variable in the term 11:[2 o' (by).
Since (b)) = b~! [:Def. 2.1 from Chapter IV and b-b~! = ¢], if we put
in (6) by = ... =b,_2 = e, we conclude that the following statement holds:
3° E("e”) = b1
By 3°, putting in (4) by = ... = b,_o = e, we conclude that the following

statement holds:
4° pi=t =T
By 3°, putting in (3) by = ... =b,_2 = e, and by Def. 2.1 from Chapter
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IV, we conclude that the following statement holds

L
Sketch of the proof of 47 :
PO ) b=z =0 () b=2 =
) b=b-z= ¢ (2) b=p" ) -b=>
@ Hz) = " (@)
By 1°, 2°, 4°) 43, by statement connected with (5) and by Def. 2.1 from
Chapter IV, we conclude that also the following statement holds:

5° (@, -) is a commutative group.

Sketch of the proof of 5° :
Let E(by,"e”) =y (if by # by) or E("e",by_s) = y (if bj_y # by_) [:1°, 2°].
Then: )
FUY) o (1) = (@) P )BT (@) = ()
y @) =" ) =y @) b= 9" (y) b=
y-b-x=xz-b-y= (by)- (bx) = (bx) - (by).
In addition, by 5°, 3°, putting in (3) by = ... = b,_» = e, we conclude

6° it =1I.

By 4°, 5°, and 6°, we finally conclude that the implication (i) = (i7)
holds.

3) (11) = (i) : Let (@, A) be an n—group, n > 3, let (Q,{:,¢,b}) be
an arbitrary nHG—algebra associated to the n—group (@, A), and let the
statement (74) holds. Let also, for every b} 2 € @

i— n j—2
B0 00) v (T 0™ (T 00

Then, for every z,b7 2 € Q, the following two sequences of equalities hold:
A(biH E@F2), 0% e ,b? 12)

(T 0) - B0 - (I @ (0) -+ ( 1 ¢ (brn)) b = 2, and
A B2, 1) =

yYj—1
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i—1 Jj—2 n

(I 00) o (T 00) - B - (T (0)) b=
= =1 =J
Hence, the implication (i7) = (i) also holds. O

1.2. Remark: If (Q,-) is a noncommutative group and A(z}) = x; -

Tp, n >3, then (Q, A) is an n— group without {i, j } —neutral operations with
condition {i,j} # {1,n} (:Theorem 1.1; —=(i) < —(i1)). Besides, for ezample,
if (Q,-) is a commutative group in which not every a € Q is selfinverse, ~*
is the inverse operation in (Q,-) and A(acl) Ll - xy ' - x3, then (Q, A) is a
3-group without {i, j}—neutral operations with the condition {i,j} # {1,n}

(:Theorem 1.1; o =1).

2 Two propositions more

2.1. Theorem [Usan 1995/2]: Let n > 3, (Q,A) be an n—group, and e
its {1,n}—neutral operation [Th. 2.6 from Chapter 1I]. Then the following
statements are equaivalent:

(1) (@, A) is a commutative n— group;

(11) e is an {i,j}—neutral operation of the n—group (Q, A) for every
(i.5) € {(p.D)l(p:@) €{L,....n}* Ap < q};

(1ii) (@, A) has an {1 n — 1}—neutral operation; and

() (Q,A) has a {2,n}—neutral operation.

Proof. 1) (i) = (i) : (Q, A) is commutative iff for every permutation « of
the set {1,...,n} and for every a7 € @ the following equality holds

A(Ta(1); -5 Ta(m) = A7).
Hence, by Th. 2.6 from Chapter II, we conclude that the implication (i) =
(i) holds.
2) (it) = (i17) : By (i), e is also an {1,n — 1}—neutral operation of the
n—group (Q, A).
3) (iii) = (iv) : Let (Q,{-,,b}) be an nHG—algebra associated to the
n—group (@, A). Hence, by Th. 1.1 and by the condition (#ii), we conclude
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that:

a) (@,-) is a commutative group; and

b) "2 =1.
Further, by a) and by Def. 2.1-(4) from Chapter IV, we conclude that the
following equality holds:

c) "t =1.
From b) and c) it follows that:
d) p=1.

Finally, by a), ¢) and d), and by Th. 1.1, we conclude that (Q, A) has a
{2,n}—neutral operation.

4) (w) = (i) : Let (Q,{:,¢,b}) be an nHG—algebra associated to the
n—group (@, A). Thereby, and also by Th. 1.1 and condition (iv), we con-
clude that (Q,-) is a commutative group and that ¢ = I, hence, by 2.3 from
Chapter IV, we finally conclude that (@, A) is a commutative n—group. O

A consequence of Th. 1.1 and of Th. 2.1 is the following proposition:
2.2. Corollary [Usan 1995/2]: Let (Q, A) be an n—group and n € {3,4}.

Then the following stetements are equaivalent:

(a) (Q,A) has an {i,j}—neutral operation with the condition {i,j} #
{1,n}; and

(b) (Q, A) is a commutative n—group. O

3 Example

Let (@,-) be a commutative group in which not every a € @) is selfinverse, e
its neutral element and ~! its the inverse operation. Let also

5\def -1 -1
A(x) =21 -y -3 -2, - 5.

Then:
a) (Q, A) is a 5-group (Prop. 2.2 from IV; ¢ =71 b =e);
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b) for
e(ai’)défal cay’ - as,
e is an {1, 5}—neutral operation of the 5-group (@, A);
c) for
El(a?)défafl -ay - as,
E, is a {3, 5} —neutral operation of the 5-group (@, A); and
d) for
EQ(G?)défal cay - az’t,
E, is a {1, 3} —neutral operation of the 5-group (Q, A). O
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Chapter VI

CONGRUENCES

1 On congruences in an m—groupoid

Let (@, A) be an m—groupoid and m > 1. Let also 6 be an equivalence
relation in the set (). Then 6 is a congruence relation on the m—groupoid
(@, A) iff for each a", 07" € @ the following formula holds
(a) Kl a; 0 b; = A(a) 0 A1),

The following proposition is true: # is a congruence on an m—grou-
poid (@, A) iff for each a,b, "' € Q the following formula holds
b)  Aafb= A(d ™ a,c" )0 Al b, d" ).

i=1
A congruence relation 6 on an m—groupoid (@, A) is said to be
normal iff for each a, b, ¢! € Q the following formula holds

(©  AACE ™ a,c™ ) 0 A(d b, ) = a 0 b),
i=1

Thus, an equivalence relation 6 in a set () is a normal congruence
relation on an m—groupoid (Q, A) iff for each a,b, "' € Q the following

formula holds
(d) ANadbe Al a, 1) 0 A b, ).t

2 On congruences on n—groups

2.1. Theorem [Usan 1997/1]: Let (Q,A) be an n—group, e its {1,n}—ne-

-1

utral operation, its inverse operation and n > 3. Let also 6 be an equiv-

1For m = 2, for example, in [Belousov 1967].
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alence relation in the set Q such that for each a,b,ci™' € Q the following
formula holds
(0) AN@db= Al a, 1) 0 Al b, e 1)).2
i=1
Then, for each a,b,c}™ € Q the following stetemnts hold:
(1) Alabbs Al a, i) 0 Al 0,6 7h));

i=1

(9)  abbe (G ha) 0 ()
(3)  "N(a0be e(d™ a,c) 0 e(c,b, i) and

(4) Aabb= (" a,cf™) 70 (b, 7)),

Proof. 1) For each a,b,c}™" € Q the following statement holds:
(O’) 7\ (A(Cli_la a, c?_l) 0 A<C§_1, b, C?_l) =al b)
1

1=

The proof of (0°):

We shall consider, respectively, the cases: i = 1, i =nandi € {1,...,n}\
{1,n}.
i = 1: By the assumption (0) and by Th. 1.3 from Chapter III, we have the
following sequence of implications

Ala, ™) 0 A(b, i) =

A(A(a, i 71), 12 (7)) 0 A(AD, 71, 172 (7)) = a b b,
hence

Ala, 1) 0 A(b,ci™Y) = a 6 b.
i =n : By the assumption (0) and by Th. 1.3 from Chapter III, we have the
following implications:

A a) 6 A(Si 1 b) =

A e) ™ e A 0)) 0 A o)L i AL b)) = a 0 b,
and thereby

Al a) 0 Ay b) = a0 b.

i€ {l,...,n}\{1,n} : By the assumption (0), and since (Q, A) is an n—se-
migroup, and also by (0%) for ¢ = 1 and i = n, we have the implications:

2See (b) in 1.
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cta, Y0 AT b T =
1 a ;1 ) dz 1) 0 (dn 1 A( —1 b Cnfl) difl)
)0

) A
AA(, 1 a), ) diY) B AA(@, 1, b), L, i) =
A1 7 a) 0 AP 67N b) = a b,
and hence

A a, ) 0 AL b, ) = a 0 b

Y l

Since the conjuction of (0) and (0’) is equivalent with (1), we conclude
that (1) holds.

2) By (just proved) statement (1), by Th. 1.3 from Chapter III, the
following sequence of equivalences holds:

(G ) O (7 b)

A(CL Cl (0711 27 ) )‘9 A(CL,Cl )

A(A(a, 7%, (6177, a) ™), 6177, b) 0 A(A(a, 01 LT D) AR &

A(A(a, 12, (7% a) ™), e172,0) 0 Ala, 72 A((72,0) 7 of Qab))

A(e(c? 2) 7ll 76) 0 A(a Cl 79(01 )) < b 0 a
for all a, b cf~? € @, and hence (2) holds.

(cf 2b))

Y

3) By (1), by Proposition 1.3 from Chapter IV, and by (2), we have the
following sequence of equivalences holds:

afb & Az, a0 y) 0 Az, b, 60 y)
& A(A(z, 0t (al el a, ), ar % y) 0
A(A(z, ar” (a’f 2e(c b, ), a2 y)
& Alz,ai” ( el ha, 7)) e
Az, ai™, (aj - 2e(e b))
& (o) 276(6’1 Ya,c” 3)) 10 (32, el by )
o elei L ae ) B b,
and hence, (3) holds
4) By (0),

by (3) and since

(7, a) B (e} 0,07 72),

where E is a {1,2n — 1}—neutral operation of the (2n — 1)—group (Q,?l)
[Th. 1.3, Prop. 1.1 and Prop. 1.2 from Chapter III ], we have the following

implications
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afb = E(c¢ acd?ccd ™ acd?)0
E(cib,c 3 e, a, ¢ %) and
afb = E( 0,2 cc a0

for all all a,b, ¢, ™2 € @, and hence we have the implication
alb=E(C " a3 e a0
E(c b, e 3 e, 7t b, e 3 3,
ie.,
abb= (i a,c 3 c)7 0 (b, e 3 e)?
for every i € {1,...,n — 2} and for every sequence a, b, c, i over a set Q,
i.e. (4) holds. O

2.2 Remark: Theorem 2.1 is proved under the assumption that n > 3.
Howewver, analizing the proof, one could easily see that (1) and (2) hold also
forn = 2.

3 On the set of all congruences of the given
n—group, n > 3

3.1. Theorem [Usan 1998/2]: Let (Q,A) be an n—group, n > 3 and let
(Q,{-, ¢, b}) be an arbitrary nHG—algebra associated to the n—group (Q, A).
Then, the following equality holds:

Con(Q, 4) = Con(Q,) N (Q,9).

Proof. 1) =: Let e be an {1, n}—neutral operation of an n—group (Q, A)
[cf. Th. 2.6 from Chapter II], and let ¢{2 be an arbitrary sequence over the
set (). Further on, let for every x,y € () the following hold

1) o yDA@ G y),

@) el Al ). x. ¢ %) and

3) v (e ).

Hp=q9Ap=r)e@=qArT)
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Then (@, {-, ¢, b}) is an nHG—algebra associated to the n—group (@, A) [cf.
2.3, 3.1 and 4.1 from Chapter IV]. In addition, for every (Q,{-,¢,b}) € Ca
[cf. Th. 4.1 from Chapter IV] there is a sequence ¢} ~? over @ such that for
all z,y € @, (1)-(3). Further on, if § € Con(Q, A), since (1) and (2) hold for
all z,y € @, we conclude that for all z,y,7,7 € @ the following sequence of
implications holds
0T = Az, 7% y) 0 AT, 2 y)
x-y0mT-y
y0y = Az, y) 0 Az, 2 7)
x-yOx- -y and
0T = Ale(ci™?),x,c7?) 0 Ale(c}™?),7,c}7?)
= p(x) 0 (T),

whence we conclude that for an arbitrary (Q,{-, ¢, b}) € C4 and for arbitrary
0 € P(Q?), the following implication holds
0 € Con(Q,A) = 0 € Con(Q, )N 0 € Con(Q, ).

2) «<: Let (Q,{-,p,b}) be an arbitrary nHG—algebra associated to the
n—group (Q, A). Further on, let  be an arbitrary element of the set P(Q?)
such that the following conjunction holds

0 Con(Q,-) N0 € Con(Q, ).
Since 6 € Con(Q),-), the following statement holds:

(a) for every i € {1,...,m}, m > 2, for every sequence aj* over the set
@ and for all z, 33 €Q the followmg 1mphcat10n holds

x@x:>(]_[a]) (Ha]) (Ha]) (Ha3>-

Since 6 € Con(Q, ©), the followmg statement holds
(b) for every t € NUO and for all z,Z € @ the following implication holds

p=1 .
I ajdzfe, where e is the neutral element of the group (@,-), and p € N. See, also
Jj=p

Chapter V-1.
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0T = p'(x) 0 ().
Finally, by (a), (b) and by the assumption that (Q, {-, ¢, b}) is an nH G—algebra
associated to the n—group (@, A), we conclude that for every i € {1,...,n},
for every 2} € @) and for every 7} € () the following series of implications

holds , A
0T = ¢ Ny 0N T)

= (M@ () ¢ @) - (1T @ N(z;) - b0

Jj=1 J= H—l
i—1

= A2y 2,2l ,) 0 A(:E’i_l,fi,x?+1). a
3.2. Proposition: Let (Q, A) be an n—group, n > 3, and let (Q, {-, ¢, b}) be
an arbitrary nHG—algebra associated to the n—group (Q, A). Also let 6 be an
arbitrary element of the set Con(Q, A). Then for all x,y € Q the following

equaivalence holds

z 0y < o) d oy).
Proof. By Th. 2.1, by Th. 3.1 and by Th. 4.1 from Chapter IV, we conclude
that for all z,y € @ the following sequence of equivalences holds

zly & Ale(c]™?),

z,ci7%) 0 Ale(ci™?), y,17?)
& ox)0 (y)

4 Construction of a lattice on a given nHG—
algebra

In the Theory of groups the following three propositions are well known.

4.1. Proposition: Let (Q,-) be a group, and let

LEH|(H,) < (Q,)}.
Also let



54 VI Congruences

Hy © Hy“ {a|o = hy-hy Ay € Hi A hy € Hy} and
Hl N Hgdéf{ﬁlfﬁ € Hl Nx € HQ}
Then (L,®,N) is a modular lattice.

4.2. Proposition: Let (Q,-) be a group and let = be its inverse operation.
Further on, let

LELH|(H,) < (Q, )}
Then, there is exactly one bijection F' of the set Con(Q,-) onto the set L
such that for every 0 € Con(Q,-) and for all z,y € Q the following statement
holds

rlysx-ytelF(0).

4.3. Proposition: Let (Q),-) be a group, let (L,®,N) be a modular lattice
from Prop. 4.1, and let F be a bijection of the set Con(Q,-) onto the set L
from Prop. 4.2. Then, F is an isomorphism of the (Con(Q,-),o,N) to the
lattice (L, ®,N), where

01 o 0,°{(2,1)|(3z € Q)((z,2) € 01 A (2,y) € 02)} and

b1 N 6 ()|, y) € G A (0y) € 62)

4.4. Theorem: [Usan 1998/2]: Let (Q,{:,,b}) be an nHG—algebra (n >
3) and let =1 be an inverse operation in the group (Q,-). Further on, let
(H, ) <(Q,-) and let for every x,y € Q the following equivalence holds

(0) rlysz-yteHI[) € Con(Q,).

Then the following statements are equivalent:

(1) (H) =H,

(2) 0 € Con(Q,¢) and

(3) p € H

Sketch of the proof.
1) =(2):

So(H) < {p(a)|z € H).
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x 0y 9 vy teH& px-y ') ep(H)
8 gy el o) oy eH
& o) (ew) " € HEp(x) 0 o(y).
2) (2) = (3):
vyt e HY2 0 y8o(@) 0 p(y) ©
Eo(@) - (o) € A,
whence, we obtain
r € H<& p(x) € H.
Hence, by ¢ € Q!, we conclude that the (3) holds.
3) (3)=(1):
By
reHepx)e H
and by
re€H& ¢(x)ep(H)T
we conclude that the following equivalence holds
p(z) € H < p(x) € p(H)
for all z € Q, i.e.
yeH e yep(H)
for all y € Q [p € Q!], whence we conclude that (1) holds. O

4.5. Theorem [Usan 1998/2]: Let (Q,{-,¢,b}) be an nHG—algebra. Fur-
ther on, let

LY {H|(H.) 4(Q.7) np(H) = H}.
Also let

Hy © Hy" {a|x = hy - hy Ay € Hi A hy € Hy} and

H, N széf{x]as € Hy ANx € Hy}.
Then (L,®,N) is a sublatittice of the modular lattice (L,®,N) [from Prop.
1],

Proof. The following statements hold:

6See 3.2 and 3.1.
"See, the footnote °.
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1° For every H, Hy € L the following equality holds
©(Hy ©® Hy) = Hy ©® Hy; and

2° For every Hy, Hy € L the following equality holds
©(Hy N Hy) = Hy N Ha.

Sketch of the proof of 1°:

QD(H1®H2) = @{h1h2|h1 € Hi N hy GHQ}
= {g&(hlhgﬂhl € Hi N hy EHQ}
= {o(h) - p(ha)lhy € Hy A hy € Hy}
= {p(h) - e(h2)|p(h1) € ©(H1) A @(he) € p(Hz)}
= {p(h) - p(ha)|p(h1) € Hi A p(he) € Ha}
= {kl'k2|k1 eHl/\kQEHQ}
= H1 @HQ

Sketch of the proof of 2°:
QO(.T) € go(Hl ﬂHQ) & xe HNH,
x € H1 Nx € H2
p(x) € p(Hy) A p(x) € p(Ha)
o(x) € Hi Np(x) € Hy
o(x) € HHN Hy. O

teoe

4.6. Example: Let ({1,2,3,4},-) be the
Klein group: Tab. 1. Further on, let ¢ be
the permutation of the set {1,2,3,4} defined
in the following way

def (1 2 3 4
=124 3)

DO |+ Lol Lo
N ERSIESHE NES

B W | |~

B LWl |~ -

SN EN NSRS
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Then ({1,2,3,4},{-,¢,2}) is a 3HG—algebra®. In addition, the following
holds:

L= {{1},{1,2},{1,3},{1,4},{1,2,3,4}} and L = {{1},{1,2},{1,2,3,4}};
90({173}) = {174} # {17 3}7 80({174}> = {17 3} # {174}'

~

Lattices (L,®,N) and (L,®,N) are represented in Diag. 1 and Diag. 2.

{1,2,3,4} {1,2,3,4}
{1,3} {1,2} {1,4} {1,2}
{1} {1}
Diag. 1 Diag. 2

4.7. Remark: If (Q,{:,¢,b}) is an nHG—algebra and ¢ an inner auto-
morphism of the group (Q,-), then (Z, ®,N) = (L,®,N). However, there are
nHG—algebras (Q,{-,p,b}) such that ¢ is not an inner automorphism of
the group (Q,-) and (L,®,N) = (L,®,N). E.g.: Let (Q,-) be a commutative
group, ~*
such that x=1 # x. Further on, let ¢ ="', b = e, where e is the neutral

element of the group (Q,-). Then (Q,{-, ¢,b}) is a 3HG—algebra and L=1L.

an inverse operation in (Q,-) and let there be at least one x € Q

By Th. 3.1 and by 4.1-4.5, we conclude that the following proposition
holds:

8See, also Example 1.4 from Chapter 1.
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4.8. Proposition: Let (Q, A) be an n—group, n > 3 and (Q,{-, ¢, b}) its
arbitrary associated nHG—algebra. Further on, let

F =F foreach € Con(Q,-) N Con(Q, ),
where F from Prop. 4.2. Then, F is an isomorphism of the (Con(Q, A),0,N)
to the lattice (E, ®,N).

4.9. Remark: For every n—group (Q,A), n > 3, there is a group (Q,-)
and its normal subgroup (H,-) such that: 1) Q € Q/H; 2) the factor—group
(Q/H, D) [of the group (Q,-) over H] is a finite cyclic group; and 3) for every
€ Q, Aa}) =xy-...-xy, [‘Post’s Coset theorem, 1940]. In [Monk, Sioson
1971] it was described the lattice of congruences of the n—group (@, A), n >
3, up to an isomorphism, by means of the lattice of normal subgroups of the

group (H,-) which are at the same time normal subgroup of the group (Q,-).
See, also [Janeva 1995].

5 About congruence classes of n—groups

5.1. Example: Let ({1,2,3,4},-) be Klein’s 112|384

group: Table 1. Then, ({1,2,3,4}, A), where 11| 2| 8] 4

» 212111413

A(@f) =21 -2y - 233 313 4[1]2

for every x3 € {1,2,3,4}, is a 3-group; 414131211
Table 1.

Tables 21 —24, Ai(x,y)défA(:r:,i,y), i€{1,2,3,4} [Ai(z,y) = x-y-3, As(x,y) =
vy 4, Ag(e,y) =y, As(w,y) =y - 2],

Ar | 112184 Ay [ 12834 A3 | 12|84 Ays|1]2|83)|4
1 |34 1[2| 1 4|81 2|1| 1 [1]2|83|4| 1 |2|1|4]|3
204181211 284 1|2| 212|148 2 |1|2|83)|4
SN 1121814] 3214|838 8 |3|4|1]2| 3 |4|3|2|1
4121148 4 |112|314] 4 [4|3|2|1| 4 |3|4]1]2

Table 24 Table 2 Table 23 Table 24
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The equivalence relation of the 3-group ({1,2,3,4}, A) defined by the equality

({1727374}/8 = {{172}’{3’4}}

is a congruence relation of the 3-group ({1,2,3,4}, A) (:Tables 2, — 24).
By Table 2y — 24, we conclude that the pairs ({1,2}, A) and ({3,4}, A)

are not 3-groups.

5.2. Example: Let ({1,2,3,4},-) be Klein’s group: Table 1. Then,
({1,2,3,4}, B), where B(m:{’)défxl o3y 2

for every x3 € {1,2,3,4}, is a 3-group; Table 4, — 4y, Bi(:c,y)défB(x,z', y)i€
{1,2,3,4} [‘Bi(z,y) = x-y-2, Ba(x,y) = x-y, Bs(x,y) =x-y-4, Ba(z,y) =

x-y- 3/

By | 112|834 By | 12|84 Bg|1|2|83|4]| Bs|1]|2]|83]4
1 1211418 1 12|34 1 [4|8|2|1] 1 |8|4]1]2
20112814 21211418 2 |8(4|1|2| 214|8|2|1
31413121 33412 8|2|1[4]3| 3 |1]|2]|383]|4
41314112 4 1418|121 4 |112|84| 421|483

Table 4, Table 4, Table 45 Table 4,

The equivalence relation 0 in the set {1,2,3,4} defined by the equality

{1,2,3,4}/ 6 ={{1,2},{3,4}}

is a congruence relation of the 3-group ({1,2,3,4}, B) (:Table 4, — 44).

By table 41 — 44, we conclude that the pairs ({1,2}, B) and ({3,4}, B)
are 3-groups. They are represented, respectively in Table 6, — 6o and Table
T —Ts.

B 1|2 By | 1|2 Bs| 3|4 By | 314
11121 11112 31413 3|34
2112 2121 4134 41413

Table 6, Table 64 Table 7, Table 74

Examples 5.1 and 5.2 are from [Usan 1998/1]. See, also [Janeva 1995].



60 VI Congruences

5.3. Remark [Janeva 1995]: There exists a 3-group (Q, A) and its congru-
ence 8 such that the following statements hold: a) |Q/0| > 1, and b) exactly
one O—class is a 3-subgroup of the 3-group (Q, A).

By 5.1-5.3, we conclude that the following proposition holds:

5.4. Proposition: If n > 3, then: (a) there exist n—group (Q,A) and
its congruence 6 such that for every C, € Q/0 the pair (C,, A) is not an
n—group; (b) there exist an n—group (Q, A) and its congruence 0 such that
for every C, € Q/0 the pair (C,, A) is an n—group; and (c) there exist
n—group (Q, A) and its congruence 0 such that exactly one C, € Q/0 the
pair (Cy, A) is an n—group. [|Q/0] > 2.]

5.5. Theorem [Usan 1998/2]: Let (Q,A) be an n—group and let n > 3.
Further on, let 0 be an arbitrary element of the set Con(Q,A). Then, for
every C; € /0 there is an nHG—algebra (Q,{-,p,b}) associated to the
n—group (Q, A) such that the following statements hold:

(1) (G, ) < (@, ),

(17) (Cy, ) is a 1-guasigroup, and

(731) (Cy, A)is an n—subgroup of the n—group (Q, A) iff b € C;.

Proof. We prove that under the assumption the following statements hold:

1° For every C; € O/ there is a sequence ¢}~ 2 over () such that
0) el =t
where e is an {1, n}—neutral operation of the n—group (Q, A);

2° Let the sequence ¢}~ 2 over @ satisfies (0). Then the algebra (Q, {-, p, b})
defined by
1) zyHAE ),
@) o) Ale(c] ), z,¢7?) and

def 771 n
(3)  b=Ale(d ™)) [=A®)]
is an nHG—algebra associated to the n—group (Q, A);
3° (Cy,-) is a subgroup of the group (@, -);
4° (Cta ) < (Qa )7
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5° (Cy, p) is a l-quasigroup; and

6° The statement (7iz) holds.
The proof of the statement 1° : By Th. 1.4 from Chapter IV.
The proof of the statement 2° : By Th. 4.1 from Chapter IV.

The proof of the statement 3° :

By Def. 2.1 from Chapter II and by 1°, we conclude that e(c}™?) is the
neutral element of the group (Q,-), whence, by (0), we conclude that the
neutral element e(c]~?) of the group (Q, -) belongs to C;, i.e., that
(4) e(ci™?) e C,.

Further on, if ~! is an inverse operation in the n—group (Q, A) [Th. 1.3 from
Chapter III], then the unary operation ~! in @, defined by

(5) e (G2 ),

is an inverse operation in the group (Q,-). In addition, for every 8 € P(Q?)

the following implication holds
(6) 6 € Con(Q,A) =0 € Con(Q,™)

[Th. 2.1 from Chapter VL]

Finally, by 1° 2°,(4) — (6), 1 from VI, Th. 2.1 from VI and by Th. 1.3
from Chapter III, we conclude that for every z,y € @ the following series of

implications holds

r€C,AYyeC = zhe(c?)Aybe(c?)
S (@) 0 (R e ) Ay 0 el )
S A2 y) 8 A e( @), A e )
= A((d 7% 2) a7 y) Oe(d )
= zl.yhe(c]?
= o 1l.yed,

whence, we conclude that (Cy,-) is a subgroup of the group (@, ).
The proof of the statement 4° :

Let a be an arbitrary element from () and let x be an arbitrary element
from C;. Then, by Th. 2.1, Th. 1.3 from Chapter III, 1°, 2° and (5), we
conclude that the following series of equivalences holds
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reC, & zhe(c?)
& Ala, % 1) 0 Ala, ¢} e(c]™?))
& Ala, 3 r)0a
& A(A(e, 7% 2), 6472 (172,a)7h) 0 Ala, 772, (1% a) )
& A(A(e, 72 ), 72 (17 a) ™) 0 e )
S a-x-ated,.

The proof of the statement 5° : By (i), by Th. 3.1 and by Th. 4.4.
The proof of the statement 6° :

By 1° — 3° and by 5°, we conclude that for every x7 € C} there is y € C}
such that the following equality holds
Azt) =y -b.
Whence, by 3°, we conclude that (C}, A) is an n—groupoid iff b € C;. Finally,
hence, by 3° and by 5°, we conclude that the statement (i7i) holds. O

6 On superpositions of an n—ary operations

6.1. Definition: Let (Q, A) be an n—groupoid and n > 2. Then:

1

(i) A% A; and

(i1) for every m € N and for every :L'(m“)(" D+ 0
ML 1) (n—1)+1\def m(n—1)+1 m+1)(n—1)+1
B D g R i v4h, gt

6.2. Proposition: Let (Q,A) be an n—semigroup, n > 2 and m € N.
(m+1)(n—1)+1

Then, for every xj € Q and for everyt € {1,...,m(n — 1) + 1}
the followmg equality holds

m+1
(1) A( -1 , Az t+n— 1) Igﬁjl)(n 1)+1) A (Igm—&-l)(n—l)-l-l)'

Sketch of the proof.
1) m =1 : By Def. 6.1 and Def. 1.1 from Chapter I, we conclude that the
following equality holds
Al Alaf), a2t = At )
for every ai"' € Q and for all i € {1,...,n}.
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2) m = v : Let for every al , b € @ and for all t € {1,.
the followmg equality holds

vin +1 vin—
Afal™ A®D), a0y = A (att by, ).

3) v—ouv+1l
AT @D 4R g e 2

(n—1
v+1)(n—1)42
(

Y/ n— v+1)(n—1)+1 v+2)(n—
A(A(ai 17A(a€+ 1),&%_’_—; A * )7aguilggn—l

(A, a0 2

Yoo n— t+2(n—1 v+2)(n—1)+1y 1.1-1
Alaf™ (A7), af 20D, al ot Uy

A( -1 A( t+i—2 A( ntt+i— 2) t+2(”*1)) (U+2)(”*1)+1> 2)

Appi-1 ) Ungtri-1 ) Qpo(n—1)+1 ) =
v+1 . .
Al af =, A, a0
te{l,...,v(n—1)+1}, ie{l,...,n}. O
6.3. Theorem: Let (Q,A) be an n—semigroup, n > 2 and (i,j) € NZ.
Then, for every x0T ¢ Q and for every t € {1,...,i(n— 1)+ 1}, the
following equality holds
Lo I tnet i) n-D+1y T (i) (n—1)+1
() AT AT e = AT,
Sketch of the proof.
1) For j =1, (2) =(1).
2) Let j > 1
t4j(n—1 i47) (n—1)+15 ()
e, A0, 0l

/ I D (n—1)y  t+i(n-1) (i+5)(n—1)+1y 6.2
Alaf laA(A (a7 )7at+{jfl)(n71)+1)7a’t+jj(nfl)+1 ) =

i+l I (=) (=1 i+5) (n—1)+1
Ao A( ) e ) D
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,o(n—1)+ 1}

6.4. Corollary: Let (Q, A) be an n—semigroup [n—group/, n > 2 andi € N.
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Then, (Q, ;1) is an (i(n — 1) + 1)—semigroup [(i(n — 1) + 1)—group/.® O
See, also [Cupona 1969)].

7 On the lattice of congruences on a class of
polyadic groups

7.1. Theorem [Usan 1999/4]: Let (Q,A) be an n—group and let n > 2.
Then for every k € N the following equality holds
k
(Con(Q, A),0,N) = (Con(Q, A),0,N)¥,

1 € m+l m n— € m m(n— m n—
where A% A and A (g;ﬁ 1) 1)+1)d:fA(A(x1( 1)+1),m;(:i)l()ﬁl)“)n.

Proof. 1) n > 3 : Firstly we prove the following statements:

1°If (Q,{,»,b}) is an nHG—algebra [Chapter IV], then for every k €
N (Q,{-,¢,b}) is a (k(n — 1) + 1) HG—algebra; and

2° If (@,{-, p,b}) is an nHG—algebra associated to the n—group (Q, A),
then for every k € N (Q, {-, ,b*}) is a (k(n—1)+ 1) HG—algebra associated
k

to the (k(n — 1) + 1)—group (Q, A).
Sketch of the proof of 1°:

a) (b)) = b, p(b') =1,

P(bh) = p(b) - p(b) = b' - b= b
b) ¢! V(x) - b =,
S0(t+1)(n—1)(x) N got("_l)(cpn_l(x)) .bteb

bt z) b
— Wb
= pttl. g,

Sketch of the proof of 2°:

9GSee Th. 6.3 for i = j and Def. 1.1 from Chapter I.
10See Prop. 4.8.
1See 6. from VI.
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1

a) A=A, A(x}) =x1-o(x) ... - " (x,) - b;

ot e
B) A" ) =2y p(wa) - D (1) -
- tzl(xgtJrl)(nfl)Jrl) _ A(x?q’jl(x(tu)(n_l)ﬂ)) _
t
21 p(x2) - " (@) - " (AT =
21 @(2) " (@) 9" (@) @O (@ 1)) b D =
I C) %O(tﬂ)(n_l)(x(t+1)(n—1)+1) b

By 1°, 2° and Th. 3.1 from VI, we conclude that for every £ € N the
following equality holds
(1) Con(Q,A) = Con(Q, A).
2) n = 2 : Let (Q,A) be a group. If A = -, then for every z{™! € Q the
following equality holds

jl(x’f“) =Ty ... Ty

Whence, for k > 2, we conclude that (@, {-, I, e) is an nHG—algebra associ-
ated to the (k + 1)—group (@, ﬁl), Idéf{(m, z)|r € Q}, e is a neutral element
in (Q,A)[=(Q,-)]. Finally, by Th. 3.1 from VI [k+1 > 3], we conclude that
for every k € N the following equality holds

Con(Q, A) = Con(Q, A)[= Con(Q,-)]. O
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Chapter VII

ON ORDERED n—GROUPS

1 Ordered n—groups and ordered nHG—alge-
bras

1.1. Definition [Crombez 1972]: Let (Q,A) be an n—group, n > 2 and
let < be a partial order on Q. Let also for all x,y,27"" € Q and for all
i €{1,2,...,n} the following implication holds

(1) 2<y= Ao, 200 < ALy, 200,

Then, we say that (Q, A, <) is an ordered n—group.

Note that in the case n = 2 (Q, A, <) is an ordered group in the sense of
[Fusch 1963].

1.2. Theorem [Usan, Zizovi¢ 1997]: Let < be a partial order on Q. Also,
let (Q, A) be an n—group and let n > 3. In addition, let (Q,{-,»,b}) be an
arbitrary nHG—algebra associated to the n—group (Q, A). Then, (Q, A, <)
1s an ordered n—group iff for all x,y,z € Q the following two, formulas hold
(2) r<y=z-z<y-zANz-x<z-y
(3) <y = o) <e(y)
Proof. 1) Let (Q,A, <) be an ordered n—group and let n > 3. Also,
let e be an {1,n}—neutral operation of the n—group (@, A). In addition,
let (@, {:,¢,b}) be an arbitrary nHG—algebra associated to the n—group
(Q,A). Then, by Th. 4.1 from Chapter IV, there is at least one sequence
c}™% over Q) such that for every x,y € Q the following two equalities hold:
vy = Az, 7 y),
p(z) = Ale(ci™?),x,¢17%).
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Hence, by Def. 1.1, we conclude that the formulas (2) and (3) hold in
«Qa{'”ﬁ;b}»

2) Conversely, let (Q,{-,¢,b}) be an arbitrary nHG—algebra associated
to the n—group (@, A). Also, let < be a partial order in (). Assume that an
nHG—algebra (Q, {-, p,b}) satisfies (2) and (3). Then, for every z,y, 2" > €
Q

2,) for i € {2,...,n — 1} the following series of implications holds

(3) 4— i (2)
r < y=¢H(z) < y)=

(2)

B P ) P S e i) ()2
zi 0 zim) @) () b 2 S
B @ ) M) ) b,

hence, by Definition 2.3 from Chapter IV, we conclude that the following
implication holds

r<y=Alz""r ) <ALy AT,
2,) for i = 1 the following implication holds

xgy(——ng-gp(zl)-...-bwn,l <y-p(z1) ... bezp,
hence, by Definition 2.3 from Chapter IV, we conclude that the following
implication holds

r<y= Az, 217") < Ay, 217); and
23) for i = n the following implication hold

n—Q( n—2(

xgy(——ngl-gp(ZQ)-...-go Zno1)bx < zpop(z2) " (2021) by,
whence, by Definition 2.3 from Chapter IV, we conclude that the following
implication holds

r<y= A" r) <Al y). O
1.3. Example: Let (Z,+) be the additive group of all integers, and < the
natural order defined on Z. Then Z with the ternary operation A defined by

Alr,y,2) =z + (—y) + 2
1S a 3-group.

Moreover, (Z,{+,p,0}), where p(z) = —x, is an nHG—algebra associ-

ated to the 3—group (Z, A).
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Since for every x,y € Z x < y implies p(y) < p(r), we conclude, by
Theorem 1.2, that (Z, A, <) is not an ordered 3—group.

1.4. Example: Let (Z,+,<) be as in the previous example. Let
B(:E’f)défxl +xo4+ ...+ T, +2

for every x} € Z, n > 3. Then, (Z,B) is an n—group with (Z,{+,1,2}),

where Idéf{(x, x)|x € Z}, as its associated nHG-algebra. Obviously (Z, B, <)

15 an ordered n— group.
Moreover, (Z,C,<) and (Z, D, <) where
C(:L"f)défxl + o+ ...+ 1y,
D(x’f)défxl +xo+ ...+ x, 4+ (—2)
are ordered n—groups as well. O

2 Two propositions more

2.1. Theorem [Usan, Zizovi¢ 1997]: Let (Q, A, <) be an ordered n—group
and let n > 2. Also, let ~Y be an inverse operation of the n—group (Q, A).
Then, for every x,y, 2y~ E Q@ the following stetements hold

(1) /\ (z<ye Al a7 <ALy, 2 Y), and
(2) 50<y<:>( )< ()
Proof.

The proof of the stetement (1):
a) =: By Def. 1.1.
b) «: In the case i =1, by Def. 1.1, we conclude

Az,at™ % a) < A(y,al ™7, ) =

A(A(I a’f’ ?,a), a? 2 (a7 a)™) < A(A(y, ai 7% a), 0172, (0772 0) ) =
A(z,a77?, Aa, a1 7%, (a2, ) ) < Aly,ai7?, Aa, a7 7%, (a77%,a) 7)) =
A(fﬂ,a ( ) < Aly,ai%e(af7?) = x <.

The case 1 = n may be proved analogously.
Let now ¢ € {2,...,n — 1}. Then
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Alay ™z, af ™) < Aa™ y, a7 =

AW Ay w6 ™), 00 < AT Alar g, ) =
AABI Y a2, et b 1) § A A(b” Latty),a b 1) =
A aT r) < A(b?’1 ) =<y

Sketch of the proof of the statement (2):
e<y Al " 2 ) 2) S A0 )
& e(a]™) < A((aj 2
& A
A

A~~~
<

—3FE3F3
e
<

— — —
L
N
N

2.2. Theorem [Usan, Zizovi¢ 1997]: Let (Q, A, <) be an ordered n—group
and let n > 3. Also, let =* be an inverse operation of the n—group (Q, A), and
let e be an {1,n}—neutral operation of (Q, A). Then, for every x,y,b,a} > €
Q@ the following stetements hold

n—2 . .
(3) ‘/\ (z <y<eela,y,al™®) <e(ai " z,a!"); and
Z:

(4) /\ (@ <y=(a ' y,a] " b)7 < (a7 20772 0) ),

Proof.

The proof of the statement (3):

Since

(5)  Ala,b17%,0) = A(A(a, a7, (a] %, (b)) ™), a1 %, b)

by Prop. 1.3 from Chapter IV, then
(1)

r<y <5 Ala,ai 2,023 b) < Aa,al "y, a3 b)
FLIN MAmﬁgaﬁ%d% stnwmlams
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& Ala, 7% (7% e(a) ! m 0] 7)) <
Aa, i ( “2e(ay ! y,al %))
1

W, (e n—
& (7% el 2,0 ?)”
& e(aiy,a ) < efai” 2,077

The proof of the statement (4):

Let E be an {1,2n — 1} —neutral operation of the (2n — 1)—group (@, il),
cf. Chapter III and 6 from Chapter VI. Hence, by 1.1 and by (3), we conclude
v <y=E(a "y a b a7y, al?) <E(al Ty, a3 b a2 al )

and
v <y=E(ai "y, a7 % b,a7 a7 %) < E(ay Y xaf
Whence, by tran81t1V1ty of <, we conclude
r<y=E(ay, a3 bat y,a??) < E(ai 2,0l b a2, R,

» "

n—3
a; b al ,iL',(IZ' )

This completes the proof because
(ai, 2,077 B) " E (T 2, 0 b el 2, ),

cf. Chapter III. O

3 On left and right cone

3.1. Theorem [Usan, Zizovi¢ 1977]: Let (Q, A, <) be an ordered n— group,
n > 3 and let e be an {1, n}—neutral operation of the n—group (Q, A). Also,
let =1 be an inverse opemtz'on of (Q,A). Moreover, let a be an arbitrary

element of the set Q and let a7 be an sequence over Q such that e(a}™?) = a.
Then:

(1) ({z]la < x}, A) is an n—subsemigroup of the n—group (Q,A) iff a <
A(a);

(13) If ({x|(a?_2,A(3))_1 < z},A) is an n—subsemigroup of the n—group
(Q,A) and (Q, A, <) is a linearly ordered n—group, then A(a) < a

(1) If A(a) < a, then ({z|(al2, A(a))~" < z}, A) is an n—subsemigroup
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of the n—group (Q, A);

(i41) Let a < A(a) and let ¢ be an arbitrary element of the set Q such that
a < c. Then ({z|c < z}, A) is an n—subsemigroup of the n—group
(Q,A); and

(iv) Let A(a) < a and let ¢ be an arbitrary element of the set Q such that
(ap2, A(a))™" < c. Then ({z|c < 2}, A) is an n—subsemigroup of the
n—group (Q, A).

Proof. 1) Let a be an arbitrary element of the set Q. Also let a}~? be an
sequence over () such that e(a} ?) = a [cf. Prop. 1.4 from Chapter IV].
Moreover, let

(a)  a-y= A, e y),

(b) @)= A, z,017?),

) b A(G) and

(@ ()

for all z,y € Q. Then:

1° (Q,{,p,b}) is an nHG—algebra associated to (@, A) [cf. Th. 4.1
from Chapter IV];

2° a = e(a}"?) is a neutral element of the group (Q, -); and

3° ~!is an inverse operation of the group (Q, -).
By Th. 1.2 and 1°, we conclude that

4° (Q,-, <) is an ordered group; and
5° <y = p(x) <py) for all z,y € Q.
2) The proof of (i) :

a) =: Assume now that ({z|a < z}, A) is an n—subsemigroup of the
n—group (@, A). Then for all 27 € @ from z7 € {z]a < x} it follows A(z]) €
{z|a < z}, whence we conclude that a < A(a).
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b) <: Let a < A(a). Hence, by 1°, 4° and 5°, we conclude that for every
sequence z7 over {z|a < x} the following two formulas hold:
a<a-pla)-...-op" Ha)-b
and
a-o(a)-...-p" Ha) - b<my-p(x2) ... " Hz,) b L.
Whence, by transitivity of <, we conclude
a<xy-o(xg) ..o " x,) b
for all 27 € {z|a < z}, i.e. by 1°, for all 27 € {z]a < z},
A(x}) € {z]a < x}.
So ({z|a < z}, A) is an n—subsemigroup of the n—group (@, A).

3) The proof of (i) :

Assume now that ({z|b~! < x}, A) is an n—subsemigroup of the n—group
(Q,A); b= A(a), (d), 3°. Then for all 27 € Q from z} € {z|b~* < 2} it
follows b1 < A(x7), whence, by b= < b71, 1° and p(b7') = b7 we

conclude that
bvto< AL
= bl "2 b b
= bbbt
i.e. "2 < a. Hence b < a by (Q,-, <) is a linearly ordered group [4° and
(Q, A, <) is a linearly ordered n—group?].

4) The proof of (1) :

n

Let b < a; b = A(a) — (¢). Then, by 4°, we have a < b~'. Whence,
by 1°, 2°, 4°, 5° and @(b™1') = b1, for all 27 € {z|b~' < z}, we obtain
b~

1

bt < b teot=0t0(07Y) () @ 2 a) b b7t
< b0 (b ) -90” 071 -b-b7t
< - () - @P(as) - 2(wn1) - by
= A(z}),
ie. b1 < A(z}) for all 27 € {x[b™* < z}. So ({z|b™! < z},A) is an

n—subsemigroup of the n—group (Q, A).

1x§y/\u§v:>:c'u§y'v.
<y sy<z, (p=q & (~g= -p), b" 2 <a.
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5

~—

Sketch of the proof of (i) :
c-ola)-...-o"Ha)-a<c-ple) ... ") a
c-ole)-...-p"e) b
1 -(mg) 0" () - b
A(a?);
b=A(d), a <c, a=e(a}?) — 2° footnote ', 27 € {z|c < z}.

Sketch of the proof of (iv) :
coa-...ca-b-bt=c-pla) ...-0"%a) b- bt

e}

S VA VAN

S
IA

6

~—

< coobt) "0 b b
< cople)... 9" %) b-c

< xpop(re) @ () b Ty,
= A(2);

b<asa<btbr<c ate{rlce<z} O

3.2. Remark: The above theorem describes so—called the right cone (cf.
[Fuchs 1963]), i.e. the set KR(c)déf{:dc < z}. The analogous result holds for
the left cone K (c)<{z|z <c}. O
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Chapter VIII

ON TOPOLOGICAL n—GROUPS

1 Introduction

1.1. Definition: Let (Q, F') be an m—groupoid, m > 1 and let Q) be equipped
with a topology O. Then, the m—ary operation F is continuous in O iff for

every xi" € Q the following statement holds
(VOF(IT) € O)(HOI‘Z € O)TF(OQCU EIR) Ozm) g OF(J:{”)-1

1.2. Remark: Let (Q,F) be an m—groupoid, m € N and let S; be a subset
of Q and S; # 0. Moreover, let
maef m
F(ST) = U A{F@ED)
(z7")€S1X...XSm
Howeover, instead of F, usually, we write F.
1.3. Definition [Usan 1998/4]: Let (Q,A) be an n—group, ~' its inverse
operation (Chapter II1I), n > 2 and let Q) be equipped with a topology O. Then,
we say that (Q, A, Q) is a topological n—group iff

(1) The n—ary operation A is continuous in O; and
(2) The (n — 1)—ary operation ~' is continuous in 0.

1.4. Remark: Topological n—groups have been defined in mutually different
ways. Fach of these definitions was different from the description given in
Definition 1.3. In addition, the definitions in [Cupona 1971], [Enders 1995]
and [Usan 1998/4] are related to each n > 2, while those in [Crombez, Six
1974] and [Zizovié 1976] are restricted (only) to each n > 3. All definitions

10, €O and z € O,.
2For n =2 (Q, A, O) is a topological group [:e.g. [Pontryagin 1973]].
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from the cited papers are mutually equivalent for n > 3, while the definitions
from the papers [Cupona 1971], [Enders 1995] and [Usan 1998/4] are also
mutually equivalent for n = 2 [:[Rusakov 1992 |, [Usan 1998/4 ]).

2 Auxiliary propositions

2.1. Proposition [Usan 1997/4, 1999/6]: Let (Q, A) be an n—group, ~* its
inverse operation, e its {1, n}—neutral operation and n > 2. Also let
(1) Az, a2 y) = z<di—f>A(z ay % y) = and
(r) A7 (w002 y) = =& Ale, a2, 2) =y
for all x,y, 2 € Q and for every sequence a} ™2 over Q. Then, for all z,y € Q
and for every sequence a} ™% over Q the following equalities hold
(L) Az, a1 y) = Az, a7, (a7, y) 1),
) e(a2) = (z, a2, 2),
31) (ai 7% @)t ="A(T Az, a1 7% 2), a7 ),
) Az, ai%,y) =""A(z, a7, TTA( 1A(y,a? 2 y), a2 y)),
) A_l(l’,@?*?,y = A((af™ 2733) L 7y)
7") e(a?_Q) = A_l(.’E,CL?_Q,x),
) (a2 2) = A Y x, a2, A (2, a2 ) and
) Al a2 y) = AHA (0, a2 A7 (o, )2, ), il ).

Proof. The proof of (1;) :

8

By (1), by Def. 1.1 from Chapter I and by Th. 1.3 from Chapter III, we

conclude that the following series of equivalences holds

“A(z, a’f’z,y) =LAz Py = &

A(A (Z ai % y),at %, (a2 y) ) = Alz,a % (a2 y) T &
Az, af A(y,al (@772 y) ) = Az, a7 (%) &
A(z,a77?% e(al™?)) = Az, a2, (af2,y) ") &

z:A(x a? (@)™
for all z,y, 2 € Q and for every sequence a2 over ), and hence
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Az, a} 2 y) = Az, al 7, (a7 y) 7).

The proof of (2;) :
By (1), we conclude that the following equivalence holds
Az, 0} % 7) = e(al?) & Ale(ay?),a} 3 0) =2
for all x € Q and for every sequence a} 2 over ). Whence, by Th. 2.6 from
Chapter II, we conclude that (2;) holds.

Sketch of the proof of (3;) :
TA(T Az, a2 x), a2 x) = (a?‘{x)’%&
A((a}™2,2)7 a2 2) :*1A(x,a?_2,x)&)
A((@' 7%, 2) 7 a2, 1) = e(ay™?).

Sketch of the proof of (4;) :
Alw, a2, y) =1 A, ai 2 A A, 0172 ), 0 2 y) S
v = A(A(z,a17,y), a7 (a2 y) 7! =
x= Az, a1 Ay, a1 %, (a7 9) 7)) =

v = Az, 0" e(a]™)).

Similarly, it is possible to prove also the equalities (1,) — (4,) for all

z,y € Q and for every sequence a} 2 over . O
By Def. 1.1, we conclude that the following two propositions hold.

2.2. Proposition: Let (Q, f) be an n—groupoid, let (Q), g) be an m— groupoid,
let m,n € N and let Q be equipped with a topology O. Also, let f and g be

continuous 1 O, and let

m , n—1\def i— m n— .
F(xl Y1 1>:f( 1 lag(‘rl )Jyz 1)7 Ze{lv‘-'vn}a

for all 27,y € Q. Then, F is continuous in O.

2.3. Proposition: Let (Q, f) be an n—groupoid, n > 2 and let Q) be equipped

with a topology O. Also, let F' be continuous in O, and let
F(x?_l)dgcf(x’i_l, ez, ie{l,...,n},

for all 2771 € Q, where ¢ is a (fived) element of the set Q. Then, F is

continuous in O.
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[f<0$17 ce 70301'—17 {C}, Oxi, ce ,Ofgnil) Q Of(xi—l’c’xn—l).]

2.4. Proposition: Let (Q,F) be an m—groupoid, m > 2 and let Q) be
equipped with a topology O. Also, let the m—ary operation F be continuous
in O, and let

0) O, 0 )L F (a2 )

for all z € Q and for every sequence a"~? over Q. Then (m — 1)—ary oper-

ation @ is continuous in O.

Proof. Let
(VOF ) € O)(HOZ S O)gn F(Oxl, R Oxm) - OF(x{”)-
Whence
(1) (VOp(par2.4 € 0)(30, € 0)(30, € 0)(30,, e o
F(O.,0 +Oaysy 02) € Opgy g2 4.
Also let
2  0,%0,n0..

By (0), (1) and (2), we conclude that the following formula holds

(YO paqr—2) € O)(FO, € O)(F0,, € O ?B(0s, 0., Oy, ,) C
O@(z7agn—2).

Similarly, it is posible to prove also, for example, the three following

propositions. O

2.5. Proposition: Let (Q, f) be an (m + r + s + t)-groupoid, let m >
L, r+s+t>2andr, s, t € NU{0}. Also, let Q be equipped with a topology
O, and let f be continuous in O. Further on, let

Fa,y?) 2 oy 2y, )
forallx,y* € Q, i € {1,...,m+ 1}. Then, F is continuous in O.

2.6. Proposition: Let (Q, f) be a (r+t+1)-groupoid, (Q,g) be a (r+t+1)-
groupoid, (Q,h) be a (s+t)-groupoid, lett € N and let r,s € N U{0}. Also,
let Q be equipped with a topology O, and let f,g and h be continuous in O.

Further on, let

def
F(xhalayl)

f(h(x}, a1), a1, 1),
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%(3’”14 » Y1 ) g(ajhal’ (ty 1,1 ))’
F("Ei ) ( (xla )>a’%{) and
gZv)(l‘lva yl) ($17a7h(y1’ ))

Then F, @, F and & are continuous in O.
2.7. Proposition: Let (Q, f) be a (3 + s)—groupoid, s € N, let g be a
t—groupoid and t > 1. Also, let QQ be equipped with a topology O, and let f

and g be continuous in O. Further on, let

def i—1 Lty s—itl

F(z,a1)=f(g(a1), =, g(x),” =, g(a1))

forall z,a} € Q; 1 € {1,...,s+1}. Then, F is continuous in O.

2.8. Proposition [Usan 1998/4]: Let (Q, A) be an n—group, ~' its inverse
operation (Chapter I11), e its {1, n}—neutral operation, and n > 3. Then for
all a,a7™2 € Q the following equality holds

(ap%,a) = A(e(ar2),"a", e("a"), e(al ).

Proof. By Def. 1.1 from Chapter I, and by Th. 3.1 from Chapter III, we
conclude that for all a7 2, a € Q the following sequence of equivalences holds

A((@i™* a) a7 a) = e(a]™*) &

A(A((ap 2 a) N ap 2 a), "’ e("a”), e(al2)) =
Ale(ay™ 2>,“&3 e "a%),e(al %) &

A((a72,a) ", a3, Alag—s,a,"a" e("a’)), e(al %)) =
Ale(ay™ >,”a3 e<”c‘f> e(al™?) &

A((@y%,a) 7, af 3 s, e(a)2)) =
Ale(ai),"a" (@), efai))

(ap%,a) = A(e(ai2),"a",e("a"), e(ai2)).

Whence, we conclude that the proposition is satisfied. O
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2.9. Proposition [Zizovi¢ 1998]: Let (Q, A) be an n— group, e its {1,n}—neutral
operation, n > 4, and let

(1) ade(ay

for all a € Q. Then for every sequence af
holds .

2)  e(a ) = A (G, "tnos. ... 0, " a)

~2 over Q the following equality

Proof. By (1), by Def. 6.1 and by Prop. 6.3 from Chapter VI, and by Th.

n—2

2.6 from Chapter II, we conclude that for every sequence a} = over ) and

for all x € @) the following series of equalities hold

A( A (a'n—Za na'rl—27 s 7a1ana1) Cl? Q,ZE) =
=3, n_2 -3
A( A (e<na'n72)7na’nf27 <., € al ) a’13> al 27 =

A(e(naﬁ—Q)7 n&s—% an—2, l’) =T,
whence, by Def. 2.1 from Chapter II, by Th. 2.6 from Chapter II and by
(1), we conclude that for every sequence a} 2 over @ and for all € Q the

following equality holds
n—3
n—2

A(A (an,g, - 2,...,61,na13) at™*,x) = A(e(al™ ) n—2

al™*, x).
Whence, by Def. 1.1 from Chapter I, we conclude that for every sequence

a}™% over @ the equality (2) holds. O

3 Main propositions

3.1. Theorem [Usan 1999/1]: Let (Q,A) be an n—group, ~' its inverse
operation (Chapter I11), n > 2 and let Q) be equipped with a topology O. Also
let

(0) Az a0} % y) = zéA (z,a7 2 y) = v and

3 Actually, the unary operation skew element is in question; Apendix 2. For n = 3
a=e(a).
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O)  A7wafy) = S A a2 =y
for all x,y,z € Q and for every sequence a2 over Q. Then the following
stetements are equivalent:

(1) the n—ary operation A is continuous in O and the (n — 1)—ary op-
eration ~' is continuous in O [cf. Def. 1.3];

(i) the n—ary operation ~'A is continuous in O; and

(ii1) the n—ary operation A™' is continuous in O.

Proof. 1) Let @ be equipped with topology O. Also, let the n—ary operation
A be continuous in O and the (n — 1)—ary operation ~* be continuous in O.
Then, by (1;)[(1,)] from 2.1, and by Prop. 2.6, we conclude that the n—ary
operation ~'A[A™!] is continuous in O.

2) Let @ be equipped with topology O. Also, let the n—ary operation
~LA[A7!] be continuous in O. Then by (3;) and (4;) [(3,) and (4,)] from
Prop. 2.1, and by Prop. 2.4, and by Prop. 2.6, we conclude that the n—ary
operation A is continuous in O and the (n—1)—ary operation ~! is continuous
in 0.0

3.2. Remark: In [Cupona 1971], (Q, A, O) is a topological n—group iff
following statements hold: (a) the n—ary operation A is continuous O, (b)
the n—ary operation ~'A is continuous in O, and (c) the n—ary operation
A~ is continuous in O. S. A. Ruskov has proved (1984) [cf. [Rusakov 1992]]
that the n—group (Q, A) is topological with respect to the topology O iff A
and ~*A or A and A™' are continuous in the topology O.

3.3. Theorem [Usan 1998/4]: Let (Q,A) be an n—group, n > 3, and let
(@Q,{-,p,b}) be an arbitrary nHG—algebra associated to the n—group (Q, A)
[cf. Chapter III]. Also, let Q) be aquipped with a topology O. Then, (Q, A, O)
s a topological n—group iff the following statements hold

(1) (Q,-,0) is a topological group; and

(2) the unary operation ¢ is continuous in O.
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Proof. 1) =: Let (@, A, O) be a topological n—group (Def. 1.3), and let
n > 3. Also, let e and !, respectively, be an {1, n}—neutral operation and
an inverse operation of the n—group (@, A). In addition, let (@, {-, ¢, b}) be
an arbitrary nHG—algebra associated to the n—group (@, A). Then, by Th.
4.1 from Chapter IV, there is at least one sequence ¢}~ 2 over @ such that for
every x,y € ) the following equalities hold

(3) x-y = Az, 7%, y); and

(4) p(x) = Ale(c2), 2,67,

Let ~! be an inverse operation of the group (Q,-). By (3), Th. 3.1 from
Chapter III, and by Th. 4.1 from Chapter IV, we conclude that for every
x € @ the following equality holds

(5) 2 = (%)

e(c}™?) is a neutral element of the group (Q, ).

Finally, by (3)-(5), and by Prop. 2.3, we conclude that the statements
(1) and (2) hold.

2) «<: Let (Q,{-,,b}) be an nHG—algebra associated to the n—group
(Q,A). So, for all 27 € @ the following equality holds
(6) A(@}) = x1-p(@2) .- " 2 (2p1) - - @y,
Whence, by Th. 1.3 from Chapter III, and by Prop. 4.2 from Chapter IV,
we conclude that for all 72,z € @ the following equality holds
(7) (@772,2) 7" = (p(@1) 9" 2 (@n2) ) ha ™ (o) " (@0 0) b)
Also let @ be equipped with a topology O. Further on, let the statements
(1) and (2) hold.

Finally, by (1),(2),(6) and (7), and by Prop. 2.2, we conclude that the
(Q, A, O) is a topological n—group. O

3.4. Remark: In [Crombez 1971] and [Zizovi¢ 1976], (Q, A, O) is a topo-
logical n—group, n > 3, iff the following statements hold: (a) the n—ary
operation A is continuous in O, and (b) the unary operation on ~ (operation

“skew element”, cf. Appendiz 2) is continuous in O.
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4 Three more propositions

4.1. Proposition [Usan 1998/4]: Let (Q), A) be an n—group, e its {1, n}—neutral
operation, ~! its inverse operation, and n > 3. Also, let Q be equipped with a
topology O. Further on, let the n—ary operation A be continuous in O. Then

the following statements are equivalent:

1

(1) the (n — 1)—ary operation ~" is continuous in O; and

(17) the (n — 2)—ary operation e is continuous in O.

Proof. a) (i) = (ii) : By Th. 1.3 from Chapter III, we conclude that for all
a2 € Q the following equality holds

e(ai™) = A((ai ™% a1) ™ a1 ™%, ).
Whence, by Prop. 2.5, and by Prop. 2.6, we conclude the statement (i) =
(71) is satisfied.
b) (i7) = () : By Prop. 2.8 and by Prop. 2.7. O

Similarly, it is posible to prove also the following proposition:

4.2. Proposition [Usan 1998/4]: let (Q, A) be an n—group, e its {1,n}—ne-
utral operation, ~1 its inverse operation, and n > 3. Also, let Edéfe(n52) and
a(_Q)déf(nal)_l. Further on, let Q) be equipped with a topology O, and let the
n—ary operation A be continuous in O. Then the following statements are
equivalent:

(i) the unary operation ~ is continuous in O; and

2)

(7i) the unary operation (=2 is continuous in O.

4.3. Remark: In [Enders 1995],(Q, A, O) is a topological n—group, n > 2,
iff the following statements hold: 1) the n—ary operation A is continuous in
O, and 2) the unary operation =2 is continuous in O. For n = 2, a=? =

a .

4.4. Proposition [Usan 1998/4]: Let (Q), A) be an n—group, e its {1, n}—neutral

operation, n > 3, and let
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(1) ae('a)!
foralla € Q. Also, let Q be equipped a topology O. Further on, let the n—ary

operation A be continuous in O. Then the following statements are equiva-

lent:

(i) the (n — 2)—ary operation e is continuous in O; and

(1) the unary operation ~ is continuous in O.

Proof. 1) (i) = ii) : By (1) and By Prop. 2.5.

2) (i) = 1) : By Prop. 2.9 and by Def. 1.1. (See, also the proof of Prop.
2.4.) 0

4See the footnote up the Proposition 2.9.
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Chapter IX

SOME MORE CHARACTERIZATIONS OF
n—GROUPS

1 n—groups as algebras of the type
<n,n—1> with laws

1.1. Theorem [Usan 1994]: Let n > 2 and (Q; A) be an n—semigroup.
Then, (Q, A) is an n—group iff there is a mapping ~* of the set Q"' into
the set QQ such that the laws (41) and (4gr) from Chapter I1I1I-3 holds in the
algebra (Q,{A,~1}).!

This result is improved in [Dudek 1995]:

1.2. Theorem [Dudek 1995]: Let (Q,A) be an n—groupoid and n > 2.
Then: (Q, A) is an n—group iff there is a mapping ~* of the set Q"' into
the set Q such that the following laws hold in the algebra (Q,{A,~'}) [of the
type <n,n —1>]

(1) Ao, 251 = Ao, A1), 25,

(2) A((ai, )_ 2, Aa, a1, x)) = o and

(3) A(A(z, ai” ) ai?, (@i 7% a) ) =2

Proof.? 1)=: By Def. 1.1 from Chapter I and Theorem 1.3 from Chapter
I1I.

1See also Prop 1.1 from Chapter III.

Z0r; (22, A(252), w30 1) = A2, A2 1)),
3In Chapter I11: ( ) (1),(2) = (4L) (3) = (43).
4[Usan 1997/2].
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2) <: Firstly we prove the following statements:

1° For every a,a} 2, z,y € Q the implication
Az, a7 ™% a) = A(y,ab %,0) =z =1y
holds;
2° (@, A) is an n—semigroup;
3° For every a,a} %, z,y € @ the implication
Ala,at2,2) = Aa,ay % y) = 1=y
holds; and
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4° For every af € () there is exactly one z and exactly one y € () such

that the following equalities hold
Al 2) = a, and A(y,a}™") = ay.

Sketch of the proof of 1°:

n-— n— n— EERNC))
A(A(y’a’l 27@)7a1 27(a1 2,&) 1):>$=y

The proof of the statement 2° :
By 1° and by Prop. 2.1 from Chapter III.

The proof of the statement 3° : By (2).

Sketch of the proof of 4° :
a) A(x,ai? a) = b
A(A(z, a7 a), a5 72, (a2, 0) ™) = A(b, a7 2, (a) 2, a) )8
= A(b,at 2, (a}% a)7h).
b) A(a,a} 2, z) = b&
A((ap 2 a) ™ a2, Ala,ap 2, 2)) = A((2a) ™ aj 2, )&

v = A((ai™* )" ai 7% b).

Finally, by 2°,4° and by Prop.2.2 from Chapter III, we conclude that

(@, A) is an n—group.

Remark: Similarly, it is possible to prove the case ”(1g), (4L), (4r)”.

See
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footnotes 2 and 2. O

1.3. Theorem [Usan 1997/2]: Let (Q,A) be an n—groupoid and n > 2.
Then there is at most one mapping ~* of the set Q"1 into the set Q such
that the laws (1)-(3) from Theorem 1.2 hold in the algebra (Q,{A,”'}) of
the type < n,n —1> .

Proof. Assume that there are mappings

Lot wQand T2 QU= Q
such that the laws (1)-(3) from Theorem 1.2 hold in the algebras (Q, {A4,7!* })
and (Q,{A,7'2}). Whence, by Th. 1.2, we conclude that the following state-
ment holds:

1* (Q, A) is an n—group.
Further on, by (2), we conclude that the following statement holds

2% for all a,z € @ and for every sequence af 2 over @) the following
equalities hold
A((a}™2 a)™ 1, a} 72 Aa,a} %, 7)) = o and
A((ay2,a)7"2,a7 7%, Ala, a} %, 1)) = 2.
Finally, by 1*, 2* and by Def. 1.1 from Chapter I, we conclude that for all
a € Q and for every sequence a2 over @ the following equality holds
(@2 0) " = (%, ),

ie., that ' ="12 O

Remark: Similarly, it is possible to prove the case ”(1g), (4L), (4r)”. See
footnotes ? and 3.

1.4. Theorem [Usan 1997/2]: The laws (1)-(3) from Theorem 1.2 are
mutually independent.

Proof. a) The laws (1) and (2) from Th. 1.2 hold in the algebra (Q,{A,”1})
of the type < n,n—1 >, wheren > 2, |Q| > 1, A(x’f)défxn, and (a}2, a)_ldéf

c—constant. However, the law (3) from Th. 1.2 does not hold.
b) The laws (1) and (3) from Th. 1.2 hold in the algebra (Q,{A4,7'}) of
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the type <n,n —1 >, where n > 2, |Q| > 1, A(aj?)défxl, and (a?‘Q,a)_ldéf

c—constant. However, the law (2) from Th. 1.2 does not hold.

c¢1) The case n > 2 : Let (@Q,0) be a group, ~*! its inverse operation, and
let (@, B) be an (n—2)—groupoid which is not an (n —2)—quasigroup. Then
(Q,A), where

Az, a7, y) € z0(B(a}2)) 10y,

satisfies conditions of Proposition 1.2 from Chapter III. Thus, there is an
algebra (Q,{A,”'}) of the type < m,n — 1 >, in which the laws (2) and
(3) from Th. 1.2 hold. However, the law (1) fails to hold in (Q,{A4,”'}).
Indeed, if the law (1) from Th. 2.1 holds in (Q,{A,”'}), then by Th. 2.1
is an n—group, which contradict the assumption that (@, B) is not an (n —
2)—guasigroup.

c2) The case n = 2 : Let (Q, A) be a Moufang loop which is not a group,
and let ~! its inverse operation. Then the laws (2) and (3) from Th. 1.2 hold
in the algebra (Q,{A,”!}). However, the law (1) does not hold. (Cf. [Bruck
1958] or [Belousov 1967].) O

Remark: Similarly, it is possible to prove the case ”(1g), (41), (4r)”.
See footnotes 2 and ?).

2 n-—groups, n > 3, as algebras of the type
< n,n— 2> with laws

2.1. Theorem [Usan 1988]: Let n > 3 and let (Q, A) be an n—semigroup.
Then: (Q, A) is an n—group iff (Q, A) has an {1,n}—neutral operation.®

This result was improved in [Usan 1997/2]:

2.2. Theorem [Usan 1997/2]: Let (Q,A) be an n—groupoid and n > 3.
Then: (Q, A) is an n—group iff there is a mapping e of the set Q"2 into the

5See, also Th. 2.6 from Chapter II.
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set Q) such that the following laws hold in the algebra (Q,{A,e}) [of the type
<n,n—2>]

(1) A(A(xl),xfﬁrll) = A(SC A(ngl),xi’fal)b’,

(2) Ale(ai™ ) )

(g) A($7a1 ) ( ))
Proof. 1)=: By Def. 1.1 from Chapter I and Th. 1.3 from Chapter III.
2) «<: Firstly we prove the following statements:

°1 For every a,a} 2, z,y € @ the implication holds

Az, a,a17%) = Aly,a,a17%) = o = y;
°2 (@, A) is an n—semigroup;
°3 For every a,a? %, x,y € Q the implication holds

A(a}™% a,x) = A(a} % a,y) = v = y; and
°4 For every af € () there is exactly one z and exactly one y € @) such that
the following equalities hold

A(a? ', 2) = a, and A(y,a}™t) = a,.

Sketch of the proof of °1 :

Az, a,al™ ) Ay, a,al™ 2) =
A(AG,a,072), (), &, e(a, %)) =
A(Aly, a,ay %), e(al2), &2 e(a, )Y
A($7 (a al 7e(a7ll 2 )70?_?”‘3(@’0?_3))

( ) ( )

)
Ay, A(a, ai 7% e(ai ™)
Az, a,c17°, e(a, 7))
xr=y.

The proof of the statement °2 :
By °1 and by Prop. 2.1 from Chapter III.

Sketch of the proof of °3 :
A(a!™?, a,2) = Aai ™, a,y) =

Sor: A(.’E A( o 2)753277,71) iA x?il,A(;’L'in_I»,
“In Chapter III- 3 ( )= (1), (2) = (21), (3) = (2r).
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Ale(ci%,a),¢i% e(al ), A(a} 2, a,x)) =
Ale(ci™,a),¢i 73, e(a™2), A(a} 2, a,y))-
A(e(C?i?” a)7 6?737 A<e(a’71172>7 a‘”ll727 a)7 x) =

n— n— n— n— 2
Ale( %, a), 4%, Ale(al %), al % a), S
A(e(cqf_37 a)? qul_37 a? x) = A(e(c?_37 CL), C?_S) a’? y>:2g
r=uy.

Sketch of the proof of °4 :
a) A(x,a,a}?) = bhets
A(A(z, a,a77?),e(a™?), /%, ea, ¢} %)) = A(b,e(ai ™), ¢i 7, e(a, i 7))
Lo = Ab.e(ai ), i, ela, ™).
b) A(a} 2 a,2) = bl
Ale(ci™,a), ¢/ e(a1™?), A(ai ™%, a,2)) = Ale(c] ™, a), ¢/, e(a)™?), )

80 — Ale(c,a), i, e(a} ), b).

c) By a) and °1 and by b) and °3, we obtain °4.

Finally, by °2, °4 and by Prop. 2.2 from Chapter III, we conclude that
(@, A) is an n—group.
Remark: Similarly, it is possible to prove the case ”(1g),(2L), (2r)”. See

footnotes ¢ and 7. O

2.3. Theorem [Usan 1997/2]: Let (Q,A) be an n—groupoid and n > 3.
Then there is at most one mapping e of the set Q"2 into the set Q) such
that the laws (1) — (3) from Th. 2.2 hold in the algebra (Q,{A,e}) of the
type < n,n —2 > .

Proof. By (2), (3), Def. 2.1 Chapter II and by Prop. 2.3 from Chapter II.
Remark: Similarly, it is possible to prove the case ”(1.), (21), (2r)”. O
2.4. Theorem [Usan 1997/2]: The laws (1) — (3) from Theorem 2.2 are

mutually independent.

Proof. a) The laws (I) and (2) from Th. 2.2 hold in the algebra (Q, {A, e})
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of the type < n,n —2 >, where n > 3, |Q| > 1, A(:E?)défxn, and e(a’f‘z)déf
c—constant. However, the law (3) from Th. 2.2 does not hold.

b) The laws (I) and (3) from Th. 2.2 hold in the algebra (Q, {A,e}) of
def

the type < n,n — 2 >, where n > 3, |Q| > 1, A(x’f)défxl, and e(a] )=
c—constant. However, the law (2) from Th. 2.2 does not hold.

c) Let (Q,0) be a group, ~*! its inverse operation, n > 3, and let (Q, B)
be an (n — 2)—groupoid which is not an (n — 2)—quasigroup. Then (Q, A),
where

Az, ap 2, y)Za0(B(a}™2) 0y,

satisfies conditions of Proposition 2.5 from Chapter II. Thus, there is an
algebra (Q, {A,e}) of the type < n,n — 2 >, in which the laws (2) and (3)
from Th. 2.2 hold. Howeover, the law (1) from Th. 2.2 fails to hold in
(Q,{A,e}). Indeed, if the law (1) from Th. 2.2 hold in (@, {A4,e}) then by
Th. 2.2 is an n—group, which contradict the assumption that (@, B) is not
an (n — 2)—quasigroup. O
2.5. Remark: The part of Theorem 1.4 from the paper [Monk, Sioson 1971]

1s the following proposition:

2.5.1. Let n > 3 and let (Q,A) be an n—semigroup. Then: (Q,A) is an
> € Q there is exactly one (ai,...,a,2)"' € Q
such that for every x € Q) the following equalities hold

n—group iff for every ay”

Az, a} ™% (a1, ... an2)" ) =z, A(a} 2 (a1, ..., ap0)" ", 7) =2,
A((ay, ... ap_0) Y a2 2) =2, Az, (a1, ... ,a0_2) ", al"?) = 2.
Operation ~' is a {1,n}—neutral operation of the n—semigroup (Q, A).

Moreover, in [Celakoski 1977] the following proposition was shown.:

2.5.2. An n—semigroup (Q,A) is an n—group (n > 3) iff there exists an

(n — 2)—ary operation !

following hold

on @ such that for any x1,..., T, 2,y € Q the

A(y7x17 ceey Tp—2, (xla cee 7xn—2>_1> =Yy = A<<x17 s 7xn—2)_17x17 s 7xn—27y)'

In Th. 2.1 as well as in Prop. 2.5.2, the n—semigroup (Q,A), n > 3,
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is followed by (n — 2)—ary operation in Q. In addition, if the fact that the
mentioned (n — 2)—ary operation in Th. 2.1 generalizes the notion of a
neutral element of a groupoid [: Chapter 1I-2] is omited and in Prop. 2.5.2
its denotation [: ~' ] is ignored, then we can say that they represent the same
proposition.

3 Some more propositions

Note that the following proposition has been proved in [Tvermoes 1953]:

3.1. Theorem [Post 19408, Tvermoes 1953]: An n—semigroup (Q, A) is
an n—group iff for each at € Q there exists at least one x € ) and at
least one y € Q such that the following equalities hold: A(a}™
Ay, ai™) = ay.

, ) = a, and

This result was improved in [Usan 1997/3]:

3.2. Theorem [Usan 1997/3]: Let (Q, A) be an n—groupoid and let n > 2.
Then, (Q, A) is an n—group iff the following statements hold:

(i) (Q,A) is an < n — 1,n > —associative n—groupoid °;
(11) (Q,A) is an < 1,n > —associative n—groupoid;

(7i1) For every a} € Q there is at least one x € Q) such that the following

1

equality A(a}™ ", x) = a, holds; and

(1v) For every a} € Q there is at least one y € Q) such that the following
equality A(y,ay™') = a, holds.

Proof. 1) =: By Def.1.1 from Chapter I.
2) <: Firstly we prove the following statement:

*1 There are mappings ! and e, respectively, of the sets Q" ! and Q"2

8This assertion has been already formulated in [Post 1940], but the proof is missing
there.

%r: (i) < 1,2 >-associative n—groupoid.
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into the set Q such that for all a,z € Q and for every sequence a} =2 over @
the following equalities hold
A(e(a}™),ay %, z) = x and

A((a7™%,a)7 ! a1, a) = e(al7?).
The proof of *1:

By (i7) — (iv), by Prop. 2.5 from Chapter II and by Prop. 1.2 from
Chapter III.

Finally, by (i), by *1 and by Th. 3.1 from Chapter III, we conclude that
the proposition is satisfied.

~

Remark: Similarly, it is possible to prove the case 7 (i), (i7), (iv)”. See foot-
note 2. O

3.3. Remark: A group as a semigroup and a quasigroup was characterized
by Weber H. in 1896 (cf. [Clifford, Preston 1964], p.p. 19-20). A notion of
an n—group was introduced by Dérnte W. in [Dérnte 1928] as a generaliza-
tion of Weber’s characterization of a group. A group as a semigroup (Q, )
wn which the following formula holds
(VaeQ)(VbeQ)Fr € Q)ByeQ)(a-x=bAy-a=D)

was characterized by Hungtington E.V. in 1902 (cf. [Cliford, Preston 1964,
p.p. 20). Forn > 3 see also [Tyutin 1985] and [Gal’'mak 2000].

3.4. Theorem [Usan 1999/7]: Let n > 3 and let (Q, A) be an n—groupoid.
Then: (Q,A) is an n—group iff there is i € {2,...,n — 1} such that the
following statements hold:

(a) The < i —1,i > —associative law holds in (Q, A);

(b) The < i,i+ 1> —associative law holds in (Q, A); and

(c) For every a} € @ there is exactly one = € @ such that the following

n—1

equality holds A(a'™, xz,al™") = a,,.

Remark: (¢) < (c1) A (¢2), where
(c1) For every ai !, z,y € Q the implication holds
Al 2,07 7") = Alay ' y,a77") = @ = y; and

7
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(ca) For every a} € @ there is at least one x € () such that the
following equality holds A(a% !, z,a! ") = a,.

Proof. 1) =: By Def. 1.1 from Chapter I.
2) «<: Firstly we prove the following statements:
1 (@, A) is an n—semigroup;
2 For every af € () there is at least one x € ) such that the following
equality holds A(a?, 2) = ay; and
3 For every a} € () there is at least one y € () such that the following
equality holds A(y,a}™") = a,.

Sketch of the proof of 1:
ﬁ<j<n—2

Afa]™, A@] ™), a2 = Alal, A(a)Th), k) =
A, ( LAY, a0 =
AV, Ala, AalD), 20 0), b )
AW Ab a7 A, a202), a0 ) =
A, <bz,ahA(a;ii@,a?z;il),a%_l,bzl;ff%)
Albyal™, A, 022 = A(b,, ol Alal1?), a2,

MQ<k<i—L

A(ah ™ Aaf ™), a2l = Aldh, AaftT) anl) =
A2, A ™ A1), a0 =
AW, Alak, A(aft), a?nt ) 0hE
A(bZ 2 ,ay, (a2 1 , Alay ktn— 1) ak,Jrnl,bZ 1), b"‘l) —
A, ar, Ald, Alalh), adn )y b b)Y
A A1), a2 ) = A(ah, Aad ), a2k, by,

See, also the prof of Prop. 2.1 from Chapter III.

For n = 3[i = 2] the statements (a) and (b) are equivalent to the state-
ment that (@, A) is a 3-semigroup.

Sketch of the proof of 9.
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(
(0L A(ad ™ ), b = A(B an, BN S

7

ABT2 Ay, ab ™Y, 2, 00 = AT ay, bYY),

A(bil_zv A(bi—h a?_1>7 Z, bzn_l) = A(bi_lv Qn, b?_l)v
where b]7! is an arbitrary sequence over Q.
Whence, by (¢), we conclude that the statement 2 holds.

Similarly, it is possible to prove the statement 3.

Finally, by 1— 3 and by Th. 3.1 (3.2), we conclude that the proposition
is satisfied. O

3.5. Remark: A part of 1.4 in [Monk, Sioson 1971] is the following propo-
sition. Let n > 3 and let (Q,A) be an n—semigroup. Then (Q,A) is an
n—group iff for somei € {2,...,n—1} and for every a} € Q there is exactly
one x € Q such that the following equality holds A(ai™, x,a? ') = a,. See,
also [Tyutin 1985].
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Chapter X

CENTRAL OPERATIONS ON n—GROUPS

1 Notion and main propositions

1.1. Definition [Usan 2001/1]: Let (Q, A) be an n—group and n > 2. Also,
let o be an (n — 2)—ary operation in the set Q. We say that « is a central
operation of the n—group (Q,A) iff for every sequence a}™% over Q, for
every sequence b7* over Q and for every x € Q the following equality holds

(1) A(a(a?_2>7 aZTlL_27 Z‘) = A(I7 a(b?_2)7 b?_Q)'

1.2. Remarks: a) If n = 2, then a(c}™ )| = a(c) = a(®) = c € Q]
is a central element of the group (Q,A); and b) The {1,n}—neutral
operation e of the n—group (Q, A) is a central operation of that n—group (cf.
Proposition 1.1 from Chapter IV).

1.3. Proposition [Usan 2001/1]: Let (Q,A) be an n—group and n > 2.
Also, let o be a central operation of the n—group (Q,A). Then for every
i € {1,...,n}, for every a7 € Q, for every sequence a}* over Q and for
every sequence b7 over Q the following equality holds

(a) Ala(ai™), a7, A(a)) = A2y, A(e(by ™), 00 7%, 20), afy)-

Proof. 1) n =2: For n = 2 a(c{?)[= ()] is an element of the center of
the group (@, A).
2) n > 3 : a) Since, by the assumption, (@, A) is an n—group, we

conclude that for every 27 € @Q, for every sequence a} 2 over ) and for every

sequence b2 over ) the following equalities hold
A(O[(CL?_2), CL?_2, A(“‘?)) = A(A(a(a?_Q)’ CL?_2, xl)? ‘Tg)
— A(A(@(by2), b2, 21), 21,
b) Since, by the assumption, (@, A) is an n—group and « its central
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operation, we conclude that for every j € {1,...,n—1}, for every a7 € @Q, for
every sequence af 2 over (Q and for every sequence b7 "2 over @ the following
equalities hold
_ I n oy W N2y -2y
A(zq 17 A(a(af 2>7 ay 271‘3‘)’ xj—l—l) :A(x{ ' , Az, e (bY 2)7 b1 2)7” )
Al

— (l’] (bn—2) bn—? T ]wj_l
1 1 )01, g+1)7$j+2)-

1.4. Proposition [Usan 2001/1]: Let (Q,A) be an n—group and n > 2.
Also, let o be an (n — 2)—ary operation in the set Q. Further on, let for all

n—2

r € Q, for every sequence ai? over Q and for every sequence b ™* over Q

the following equality holds

(2) Alw, a2, alal™) = A2, a(bi?), 2).

Then for everyi € {1,...,n}, for every a7 € Q, for every sequence ay™? over
Q and for every sequence Y over Q the following equality holds

(b) AAGD), 032, @l ™)) = A, A, b2, a(bi), a%).

Sketch of the proof. 1) n =2 : For n = 2 a(c} *[= a(0)] is an element of
the center of the group (@, A).

2)n>3:
@) A(A(z1),a"% ea)™®)) = A(277, Az, af 72, au(a] ™))
= A2}, Az, b7 a(6777))).

7 j n— n— n ©) n— n— n
b) A(leaA(xj+17a1 2,(1(&1 2))7xj+2) :A($]1,A(b1 27a(b1 2)7xj+1)7xj+2)
A AL 12 b)), ).

J+1
O

1.5. Proposition [Usan 2001/1]: Let n > 2, (Q, A) be an n—group and
a its central operation. Then, for every sequence at > over Q, for every
sequence bY™% over Q, for every sequence ¢}™* over Q, for every sequence
dy™2 over Q and for every x € Q the following equalities hold

(3) Ale(a™), ai™%, 2) = Az, 077, (0] 7)) and

(4) Az, a(c]™?), 61 7%) = A(d1 ™%, a(d] ™), x).

Proof. 1) n =2 : For n = 2 the proposition is trivial.
2)n>3:
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Sketch of the proof of (3) :

Y

Similarly, it is possible to prove that the following proposition holds:

1.6. Proposition [Usan 2001/1]: Let (Q,A) be an n—group and n > 2.

Also, let o be an (n — 2)—ary operation in the set Q). Further on, let for all

n—2

x € Q, for every sequence a2 over Q, and for every sequence b7 over

-2

Q) the equality (2) holds. Then, for every sequence at™* over Q, for every

sequence b7™2 over Q, for every sequence ¢} over Q, for every sequence
dy=? over Q and for every x € Q the equalities (3) and (4) hold.

Sketch of a part of the proof.
Flai™,0)? Ala(ai),ai 7 2) =
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2,077 Fai 72, 2)) = A(z,a77%, A(e(a}™?), 0172, 7)) =
za} 2 Fai 2, 2)) = A(A(z, 0} 7%, ea)™?)), af 72, o) =
z,ay %, Fa ™%, x)) = A(z, a2, Az, 072, a(b] %)) =
27‘73) = A('%vb?_Qa a(b?_Q))' O

1.7. Theorem [Usan 2001/1]: Let (Q, A) be an n—group and n > 2. Also,
let o be an (n—2)—ary operation in the set Q). Then the following statements

are equivalent:
) « is a central operation of the n—group (Q, A); and

(i

(ii) For all x € Q, for every sequence a}~* over @, and for every sequence
b2 over Q the equality (2) holds.
Sketch of the proof.

1) (i) = (i) :
By Proposition 1.5:

Ale(a ™), a1 7%, 2) = Az, 0772, a(b772))

I

A($7a<cl ) 0711 2) A(dn 2 (d?iz)vlﬁ)'
2) (i1) = (i) :
By Proposition 1.6:

Ala(ai™), a7 2) = Az, 0772, a0 7?))

|
Az, a(c]™?),e17%) = A(d1 7%, e(d]™?), @) O

A direct consequence of Proposition 1.5 [:(3)] is the following proposition:

1.8. Proposition: Let (Q,A) be an n—group and n > 2. Also, let o and
B be central operations of the n—group (Q, A). Then for every sequence af™>

over QQ, the following equality holds
Ale(ai™?), 0172, Bai™?)) = A(B(ai™?), 0%, a(a)™?)).
1.9. Theorem [Usan 2001/1]: Let (Q,A) be an n—group, o its central
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operation and n > 2. Then there is a permutation o of the set () such that
for every x € Q, for every sequence a}* over Q and for every sequence b} >
over Q) the following conjuction of equalities holds

(5) Ala(ai™), a1 ) = a(2) A Az, a(b7%),0077) = a(z).

Proof. Let k72 be an arbitrary chosen sequence over the set Q. Then, a
defined by

a(2) Ale, ek ), k)
for every x € @, is a permutation of the set ), since (@, A) is an n—quasigroup.
Hence, by Def. 1.1, we conclude that the proposition holds. (For n = 2 :
aki™?) =a®) €Q.) O
1.10. Definition Let (Q,A) be an n—group, « its central operation and
n > 2. Also, let a be a permutation of the set Q. We shall say that « is
associated to a iff for all x € Q and for every sequence a}~* over Q the
following equality holds

a(z) = Ala(a™?),di 7% x).
1.11. Theorem [Usan 2001/1]: Let (Q,A) be an n—group, o its central
operation and n > 2. Also, let a be associated to a. Then for every i €
{1,...,n} and for every z} € Q the following equality holds:

aA(zt) = A(x7 i), 2f,).

Proof. By Prop. 1.3, Theorem 1.9 and Def. 1.10. O

1.12. Theorem [Usan 2001/1]: Let (Q, A) be an n—group, o[ B3] its central
operation and n > 2. Also, let af (] be associated to a| B]. Then for every
x € Q the following equality holds

a(f(z)) = Bla(z)).
Sketch of the proof.
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a(B(x) = Aa(a!?), a7 B(z))
L A(a(a?2), al 2, A(B(al?), a7 2, 1))
= A(A(a(ai™?),a77%, B(a]™?)),al %, x)
LAAB(a}2), a7, alal %)), af 2 )
= (B(Q?_2)’ aT_Q’ A(a(a?_2)7 arll_27 ‘T))
= A(B(a17?), a7 %, a(z))

1.13. Theorem [Usan 2001/1]: Let (Q,A) be an n—group, « its central

operation, !

its inverse operation (cf. 1.3. from Chapter III) and n > 2.
Also, let a be associated to o, and let for all x € Q) and for every sequence
a2 over Q the following equality holds
(a) (@2, a0 2) ! = ala})
Then, for all x € Q) the following equality holds:

ala(r)) = x.
Sketch of the proof.
afa(@) LA(ala?), i Ala(a} )0 o)

= A(A(a(at ) 2701(&? 2)) 7% @)

~2))-1,

(a) n— — n— n—
ZJ?I(IA((al 27 ( ) III ’ (al 2)),CL1 271:)
1.3 n— n— 13

==A(e(ai™?),af 7% 2) "=

(1.3 III: Theorem 1.3 from Chapter I11.) O

1.14. Examples: Let ({1,2,3,4},-) be the - | 1| 2| 3| 4
Klein group: [Tab. 1] and ~' the correspond- 1| 1| 2] 3] 4
ing inverse operation. Further on, let ¢ be 2| 2| 1| 4|3
the permutation of the set {1,2,3,4} defined 3| 3] 4] 1] 2
in the following way 4141321
def (1 2 3 4
1 ( 124 3 )
Tab. 1

Then, ¢ € Aut(Q,-), (Vo € {1,2,3,4}p(z) =z, ¢(2) =2 and p(1) = 1.

1.14a Example: Let A(23) a1 - o(xs) - 25 - 2 and ()3 - (p(c))™! for
every x3,c € {1,2,3,4}. Then: (i) ({1,2,3,4}, A) is a 3-group [cf. 1.4 from
Chapter I]; and (ii) for every ¢ € {1,2,3,4} the following equalities hold
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Ala(c),c,x) = 4z, A(z,c,afc)) = 4z and Az, afc),c) = 3z [cf. Prop.
1.5).

1.14b Example: Let B(ﬁ’)défxl - p(x9) - x3 and ,B(c)défQ ()t for
every z3,c € {1,2,3,4}. Then: (a) ({1,2,3,4}, B) is a 3-group; and (b)
for every ¢ € {1,2,3,4} the following equalities hold B(B(c),c,z) = 2z and
B(z,B(c),¢) =2z. O

2 A description of central operations in terms
of Hosszi - Gluskin algebras

2.1 Lemma [Usan 2001/1]: Let (Q,A) be an n—group, n > 3, and let
(Q,{:,p,b}) be an nHG—algebra associated to the n—group (Q, A). Also, let
o be a central operation on the n—group (Q, A). Then there is exactly one

constant a € Q such that for every sequence ai™* over Q, the equality

n—2 n—2(

afal™) plar) ... ¢ An-2) = a

holds.

Proof. Let ¢/? be an arbitrary ffixed/, sequence over (). Then, by 1.9, for
every x € () and for every sequence a2 over Q the equality

Ale(al ™), a1 7%, 2) = A(au(c]7?), ] 7%, @)
holds, from which, by Hosszi - Gluskin Theorem /Chapter IV /, we conclude
that for every z € Q and for every sequence af 2 over@ the equality

a(ai™)-p(ar) ... " 2 (ap_g)-b-v = () -plc) ... 0" 2(chg) b-x
holds, i.e.,

a(ai™) p(ar) . 9" (an ) = a7 pler) o 9" (Cna)
holds. Hence, since by the assumption, ¢} 2 is a fixed sequence over Q, by
the convention the constant a(c}2) - p(cy) - ... " %(c,_2) is denoted by a,

we conclude that for every sequence a} ™2 over @ the following equality holds

n—2 n—2(

a(a™") - plar) ..
2.2. Theorem [Usan 2001/1]: Let n > 3, (Q,A) an n—group, (Q,{-, ¢, b})

ap_o)=a. O



102 X Central operations on n—groups

its associated nHG—algebra [Chapter IV ], and ~' the inverse operation in
the group (Q,-). Also, let o be a central operation of the n—group (Q, A) and
let the permutation o be associated to ac. Then there is exactly one constant
a € Q such that for every x € Q and for every sequence ay % over Q the
following equalities hold

(1) @) =a (pla)- ... ¢" *(an-2)) ",

(2)  a@)=(a-b)-z,

(3) p(a) =a and

(4)  (a-b)-z=x-(a-b)

Proof. 1) Since (@, -) is a group and ~! its inverse operation, by Lemma
2.1, we conclude that there is exactly one constant a € () such that for every
sequence a} 2 over @) the equality (1) holds.

2) By the assumption of proposition, by Hosszi - Gluskin Theorem [Chapter
IV ], we conclude that for every z € @ and for every a2 over @ the equality
a(z) = a(ai™) - plar) ... 9" (an2) b
holds, and from there, by Lemma 2.1, we conclude that there is exactly one

constant a € @) such that for every x € @) equality (2) holds.

3) Considering Def.1.1, Hosszi - Gluskin Theorem and by the fact ¢ €
Aut(Q,-) [Chapter IV ] we conclude that for every z € @, for every se-
quence a2 over () and for every sequence b} over ) the equality
a(ai ™) plar) ... 9" P(an2) bz =z (Vi) p(b1) ... "2 (by2) b
holds, and from there, by Lemma 2.1, we conclude that there is exactly one
constant a € () such that for every x € () the equality

(4) a-b-x=z-p(a)-b

holds. Putting = = e in (4), where e is a neutral element of the group (Q, -),
we obtain (3).

4) Putting (3) in (4) we obtain (4). O

2.3. Theorem [Usan 2001/1]: Let n > 3, (Q,A) an n—group, (Q,{-, ¢,b})
its associated nHG—algebra [Chapter IV |, =1 the inverse operation in the
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group (Q,-) and e the neutral operation of the group (Q,-). Also, let a be a

central operation of the n—group (Q, A) and let the permutation « be associ-

ated to . Further on, let for every sequence a2 the following equality holds
(a1™* e(ai™) ™! = ey ™),

~1 is an inverse operation in the n—group (Q, A). Then there is exactly

where ~
one constant a € Q) such that for all x € Q) the following equality holds
(5) (@-b)-(a-b) =
Sketch of the proof.

(a1 7% ea] ™)~ = ar(ay )=
Ale(ai™), a1, a(ai™?)) = e(ai”
a(a! ™) plar) ... 9" *(an—2)-b-
(@) o).+ (an2))b
(@-b)-(a-b)=e O

2.4. Theorem [Usan 2001/1]: Let n > 3, (Q, A) be n—group, (Q,{-,¢,b})
its associated nHG—algebra and ~' the inverse operation in the group (Q, ).
Also, let a be a fized element of the set Q such that for all x € Q the following

equalities hold
(a) (a-b)-z=x-(a-b) and

2)4%‘;

a(ai™) = (plar) ... 9" 2(an-2) b))t =
JCTCHR RV 90"’2(%—2))'5:62>

)  pla) =a

Further on, let
n—onde n— _

() al@)a(plar)- ... " 2(an2) "

for every sequence a? ™ over Q. Then o is a central operation on the n—group

(@, A).

Sketch of the proof.

Aleai™), a7 72, 2) " E aal %) - plar) - " an ) b w
(©) n— n— - n—
=a-(p(ai?) 9" (an2)) () - " (an0) b
=a-b-x,

Al a2, 5L - o(a <b" ) o((br) - "2 b)) - b
G p(a- (o) 0" 2(bn2)) ™) - p(p(b1) - - .- " (b)) - b

=z p(a- (o )
La-p(a)-o((p(b ) 0" (bn2)) ) 0(0(b1) - "2 (bp2)) b
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(®) b

=r-q-
@a~b-x. O

2.5. Theorem [Usan 2001/1]: Letn > 3, (Q, A) be an n—group, (Q, {-, ¢, b})
its associated nHG—algebra, =1 the inverse operation in the group (Q,-) and
e the neutral element of the group (Q,-). Also, let a be a fixed element of the
set Q) such that for all z € Q) the following equalities hold

(i)  (a-b)-x=z(a-b),

(17) o(a) =a and

(i17) (a-b)-(a-b)=e.

Further on, let

(i) e e (plar) .. g (a,2)) 7

for every sequence a?* over Q. Then: 1° o is a central operation on the
n—group (Q, A); and 2° for every sequence a2 over Q the following equality
holds

(a1™% eu(al ™))" = ex(ai ™),
where ~' is an inverse operation in the n—group (Q, A).

Proof. The proof of 1° : The proof of Th. 2.4.
Sketch of the proof of 2°:

1) By Th. 3.1 from Chapter III and by Prop. 4.2 from Chapter IV, we
conclude that for all z,a} 2 € Q the following equality holds

(v) (a2, 2)7t = (plar) ...« "2(an—2)-b) L-a ™t (lar) .. .- p" 2 (an_2)-b)

2) (ai™% e} ™))"

Dip(ar) - " () - )@l 2)) - (plar) - " () - b)
= ((plar) - .. 9" P(an—2) - 0) - a(ai™) - (p(ar) - .. - 9" *(an—2) - b))
D(p(ar) oo @ ana) ) a (plar) . "2 an) T (plar) -
¢"(an—)-0))7*

= ((plar) - ... -¢"2(an—2)-b-a-b))"

=btat bt (p(ar) @ (an2)) Tt

=bt.a7t vt ata (pla) " 2 (an0)) 7t
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Dla-b) (@b afal ™)
— ((a-b)- (a- b))t @af ™)
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Chapter XI

SUPER-ASSOCIATIVE ALGEBRAS WITH
n—QUASIGROUP OPERATIONS

1 Introduction

Let x1, ..., 29,1 be subject symbols, n € N\{1}, and let X1, X5, Xo; 1, Xo;,
i €{2,...,n} be n—ary operational symbols Then, we say that

(1) Xl(Xz(%)a wpinh) = Xoioa (277, Xog (7™ 1), 237, Y)

is a general < 1,7 > —associative law.

Some of operational symbols in (1) can be equal. In the case all of them
are mutually equal, the (ordinary) < 1,7 > — associative law is in question.

For example, each of the following laws is a general < 1,2 > —associative
associative) laws:
a)  Xi(Xa(z,y), 2) = Xoz, Xa(y, 2)),
b) X1 (Xo(z,y),2) = Xi(z, Xa(y, 2)) and
) Xa(Xa(z,y),2) = Xa(z, Xa(y, 2)).
1.1. Definition [Usan 2001/1] Let (Q,>") be an algebra in which the
following holds: (Q,Z) is an n—quasigroup for every Z € Y. Also let

(
(
(
(c

n > 2 and | Y| > 2. Further on, let xy,...,29,_1 be subject symbols, let
X1, Xo, Xoi—1, Xoi, 1 €42,...,n}, be n—ary operational symbols, and let for
all i € {2,...,n} is { X1, Xo, Xoi—1, Xoi}| > 2. Then, we say that (Q,Y") is
a super-associative algebra with n—quasigroup operations (briefly:
SAAnQ ) iff for every substitution of the subject symbols xy, ..., xo,_1 in (1)
by elements Ty, ..., Ton_1 of Q and for every substitution of the operational
symbols X1, Xo, Xo; 1, Xos, 1 €42,...,n}, in (1) by elements
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X1, Xo, Xoi 1, Xoi, i €42,....n}, of 3 for all i € {2,...,n} the following
equality holds:

(1) Xi(Xa(@), 700") = Xoia (@ Xoa(@ ), 2200 0).

(In [Usan 2001/1]: nontrivial super associative algebra with n— quasigroup
operations. See, also [Belousov 1965/, p.86.)

A immediate consequence of Def.1.1 and Def.1.1 from Chapter I, is the
following proposition:

1.2. Proposition If (Q,Y) is a SAAnQ, n € N\{1}, then (Q,7) is an
n—group for every Z € Y.

Case n = 2 is described in [Belousov 1965].

1.3. Theorem [Belousov 1965]: Let (Q,Y) be a SAA2Q, and let - be an
arbitrary element of >~ . Then the following statements hold:

(1) (Q, Z) is an group for every Z € ¥_;

(19)|{ X1, X2, X3, X4} =2 and (1) = (a) or (1) = (b) or (1) = (c);

(1it) For every A € Y there is exactly one a € Q) such that for every
x,y € Q the equality

Alr,y)=x-a-y

holds;

() If (1) = (b), then a € C (a from (iii) ), where C' is the center of
the group (Q.):

(v) If (1) = (¢), then a € C and a™* = a (a from (iii)), where C is the
center of the group (Q,{-,"'}); and

(vi) If (1) = (a) and (1) # (b), then a € Q\C (a from (iii)), where C
is the center of the group (Q, ).

1.4. Remarks: a) Case n = 3 Yu. Movsisyan was described in 1984 (cf.
[Mowsisyan 1986]). b) Case n > 3 was described in [Usan 2001/1].
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2 The types of SAAnQ

2.1. Theorem: Let (Q,Y) be an SAAnQ and n € N\{1}. Then the
following statements hold:

1° Xy # Xo = {Xoio1, Xoi} = {X1, Xo} and

2° X1 =Xy = Xoi1 = Xy
for alli € {2,...,n}, where Xy, Xo, Xo; 1, Xo; from 1.1-(1).

Proof. 1) Case X; # Xo.

a) Let A, B,C, D, D be arbitrary operations from ¥ ,ay,...,as,_; arbi-
trary elements from ) and i an arbitrary element of the set {2,...,n} so
that

A(B(a}), ap'7") = Clay, D(a7™" ™), aff,") and

A(B(at),a"3") = Clay, D(a; ™), afiy ).
Since Y is a set of n—quasigroup operations, we conclude that D = D, i.e.
that Xy; from 2.1 — (1) has no free choice for the substitution with operations
from the set Y. Similarly, we conclude that Xs;_; from 2.1 — (1) has no free
choice for the substitution with operations from the set > . Hence, for every
i €{2,...,n} it is true that

X1, Xo, Xoio1, Xoi}| < 4.

b) Let A, B,C,C be arbitrary elements from the set 3", ay, ..., as, 1 ar-
bitrary elements from the set () and ¢ an arbitrary element from the set
{2,...,n} so that

A(B(at), @, 7) = Alay ", Cla;™ ), 0}, ") and

A(B(at), ap’y') = Alay ", Claj™ ), a5, ); or

A(B(at),a;'5") = Clai™', B(a; ™), aff,") and
(a3 A N B

A(B(ay), apy) = Clai™, Blaj™!
Hence, since Y is a set of n—quasigroup operations, we conclude that with
X1 = Xgi—1 or Xy = Xy,

X1, Xo, Xoi1, Xoi}| <3

for every ¢ € {2,...,n}. In the same way we conclude that with X; = Xy; or
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X2 - XQi_l it is true that
X1, Xo, Xoi1, Xoi}| <3
for every i € {2,...,n}.

c) Let A, B be arbitrary elements of the set >, xy,..., %9, 1 arbitrary
elements from Q, and i an arbitrary element of the set {2,...,n} so that

A(B(ay), ap'y') = Alay ', Ala; ™), a7},") or

A(B(ay),apia') = Blai™, Bla;™ "), ain")
(cf. b)). Hence, since (@, A) and (Q, B) are n—groups (Prop. 2.3), it follows
that A = B, i.e. that X; or X5 from 2.1-(1) has no free choice for the substi-
tution with operations from ), which is a contradiction with the assumption

that the following equality holds [{ X7, Xo}| = 2.
2) Case X; = Xs.

Let A, B,C,C be arbitrary elements from 3, a1, ..., as,_; arbitrary ele-
ments from Q, and i an arbitrary element of the set {2,...,n} so that
A(A(a}),a23) = Blai™, O™ ™), a%5") and
A(A(a}), a23Y) = B(ai™, Clai), a2,
Hence, since )" is a set of n—quasigroup operations, we conclude that Xo;

(3

from 2.1-(1) has no free choice for the substitutions with operations in .
Similarly, we conclude that Xy;; from 2.1-(1) also has no free choice for the
substitution with operations from 3. Thus, for every i € {2,...,n}, it is
true that

{Xai1, Xoi}| = 1. O

2.2. Definition: We will say that a SAAnQ has type XY (X X) iff 1°(2°)
of Theorem 2.1 holds.
(In [Usan 2001/1] types XX and XY are denoted differently.)
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3 A description of an SAAn(Q of the type XX

3.1. Theorem [Usan 2001/1]: Let (Q,>) be an SAAnQ of the type X X
and let n > 3. Also, let A be an arbitrary operation from Y [cf. Prop. 1.2].
Then, for all B € Y there is a central operation a of the n—group (Q,A)
such that for every 2% € Q and for every sequence ai? over Q the following
equalities hold:

B(xt) = A(z{ ™, A(e(ai ™), a1 7%, 2,)) and

(a1 a(ai™) ™! = e(ay™),

1

where ~' is an inverse operation in the n—group (Q, A).

Proof. Let A and B be two arbitrary operations from ). By Proposition
1.2, (Q,A) and (@, B) are n—groups. By Theorem 2.6 from Chapter II,
(Q,A) and (Q, B) have {1, n}—neutral operations, denoted, respectively, by
e and ep. Let also the inverse operation in (Q, A) be denoted ~! (cf. Chapter
I11).
The following statements hold:
1° For all 27 € @ and for every sequence a} 2 over ) the following equality
holds
(1) B = A, A, i~ ep(al2):
2° For all € @ and for every sequences af2 and b} 2 over @) the following
equality holds

A(a! ™% ep(ai ™), ) = Az, 0772 ep(b1™?)),
i.e. ep is a central operation of the n—group (@, A); and
3° For every sequence af 2 over @ the following equality holds

(@2, ep(al?) ! = ep(a2),

The proof of 1°:

By Def. 2.2 and by Prop.1.2 for every 22"~! € Q the following equality

holds

B(B(xt),z5") = Azy ™ A2 h),
2 2

hence, by the substitutions 22%7% = a} ™ and x5, ;1 = eg(a}™?), where a}~
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is an arbitrary sequence over (), we conclude that for every z} € () and for
every sequence aj 2 over () the equality (1) holds.

The proof of 2°:

Since (Q, B) is an n—group, for every 27"~ ! € Q the following equality

holds

B(B(z7), xi?&jll) = B(z1, B(x;lJrl)a xiﬁgl)a
hence, by the statement 1°, we conclude that for every z2"~! € @, for every
sequence a2 over @ and for every sequence b7 over ) the following series

of implications holds
A(“fETlZil? A(l’n, arlli2> eB<a?72)))7 13:1—7127 A(x2n717 aTIL727 eB<a?72))) =

Iy, A ZL“S, A(wn-i-la b71l_2a €p b71l_2)))’ x311_22’ A($2n—17 a?_Qv eB(a?_Q) ) =

(171172)), anrl)a xirj—EQa A(xanla CL?iZ, €B (1?72))) =

b?_2>)’ :L‘iﬁ_f, A(xQn—lv CL?_2, eB(aTll_2))

72)7 anrl))a 5"72117227 A(xQHfla ajll727 €B CL?72))) =

Ay, A, Az, 0172 ep(0177)), 27557, Aran-1, a1~ ep(ai™?))).
Hence, since (@, A) is an n—group, we conclude that for every z, 1 € @, for
every sequence at 2 over Q and for every sequence b2 over ) the following
equality holds

Aa!™?, ep(ai™), 2nr1) = Alzar, 0777 (b)),
hence, by Th. 1.7 from Chapter X, we conclude that ep is a central operation
of the n—group (Q, A). (For n =2 22"7? = ().)

Sketch of the proof of 3° :

1 2

Puting 25" = a7 %, 2, = ep(a}™?) and z,, = x in (1) we obtain
v = Alep(ai),al™%, Ale, ai%, ep(al™)),
hence, by Th.1.3 from Chapter I1I, we conclude that for every x € ) and for
every sequence a2 over ) the following implications hold

T = A(eB<a711_2)v a?_Qv A('CE’ azrlb_Qa eB<a7f_2>)) =
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) ai ™% Ales(ai™?), a1 7, Alw, a7, ep(ai™?)))) =

A((a7™2 ep(™) 7 af 7 ep(af ™)), af 7, Az, a2 ep(af™?))) =
(a?_27 eB(a?_2))_17 aqf—27 ZE) =
e(af ™), a} % Aw, af %, ep(al %)) =
A((@1™? ep(ai™)) 7! a1 7% 2) = Az, a1, ep(ai™?)),
i.e. the following equality holds
A((@7 7% ep(al ™))" a7 x) = Az, a7 ™%, ep(ai™?)).
Hence, by the substitution = e(a}~?), we conclude that for every sequence

a}™? over ) the following equality holds
(a1 ep(ai™?)) " = ep(ai ™).

Finally, by 1° — 3°we conclude that Theorem 3.1 holds.! O
3.2. Theorem [Usan 2001/1]: Let (Q,A) be an n—group, n > 3, A €
>, || > 2, and let for all B € Y there be a central operation o of the
n—group (Q, A) such that for every a7 € Q and for every sequence a}™* over
Q the following equalities hold
B(zh) = A2t !, Ala(a} ™), a7, 2,)) and
(a1 efal ™))" = a(ai™?),

where ~' is an inverse operation in the n—group (Q,A). Then (Q,Y) is a

SAAnQ of the type X X.
Proof. The following statements hold:
°1 If B € 3, then (@, B) is an n—quasigroup; and

°2 For all i € {2,...,n}, for every 23" ' € Q and for every B,C € ¥ the
following equality holds

For B=A,aa=e.
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B(B(x}), xiﬁll) = C(z ", Ozt ), x?ﬁle)-

)

The proof of °1 :

Let B be an arbitrary operation from > . Also, let a be a central operation
of the n—group (@, A) such that for all 27 € @ and for every sequence a} >
over () the following equality holds

B(ay) = A(a? ™, A(e(a ™), a1 7%, ).
Hence, by Prop. 1.9 from Chapter X, by Def. 1.10 from Chapter X, and Def.
1.1 from Chapter I, we conclude that the statement °1 holds.

The proof of °2 :

Let B and C' be arbitrary operations from ). Also, let a and 3 be
central operations of the n—group (@, A) such that for all 2} € @ and for
every sequence a2 over @ the following equalities hold:

B(xt) = A(zi ™, A(e(ai™?), ai 7%, x,)) and
C(af) = A(27™1, A(B(al ™), ai™%, a)).

Further on, let permutation « [] be associated to the central operation a 3]
of the n—group (@, A). Hence, by Th. 1.11 from Chapter X and by Th. 1.13
from Chapter X, we conclude that for every z} € () the following equalities
hold:

B(B(x}), 223" PR A(A ( ), 2252, (1))
1% (a ( )953111 ,04(9527171))
IZXQ(QA( (331)7373;111))
PR A(A), im, and

O™, Clatt =ty oty "N AR (), 2b ! AB(w), a0, a2 )
" B(BA ! A,z )
P A A, e,

Since (@, A) is an n—group, we conclude that the statement °2 holds.
Finally, by °1,°2 and by Def. 2.2, we conclude that the theorem holds. O
3.3 Remark: SAA2Q of the type XX was described in [Belousov 1965].
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Cf. Th. 3.1 with Th. 1.3 [ — (v)].

4 A description of an SAAn(Q of the type XY
with condition (Vi)X; = Xy

4.1. Theorem [Usan 2001/1]: Let (Q,Y") be an SAAnQ of the type XY
with condition (Vi)X; = X1 and n > 3. Also, let A be an arbitrary op-
eration from Y. [c¢f. Prop. 1.2 ]. Then, for all B € Y there is a central
operation o of the n—group (Q, A) such that for every x € Q) and for every

sequence a2 over Q the following equality holds:
B(at) = A(z77, A(e(a ™), a2, wn)).

Proof. Let A and B be two arbitrary operations from ). By Proposition
1.2, (Q,A) and (@, B) are n—groups. By Th. 2.6 from Chapter II, (Q, A)
and (@, B) have {1,n}—neutral operations, denoted, respectively, by e and
ep. Let also the inverse operation in (Q, A) be denoted ~* (cf. Chapter III).

The following statements hold:

n—2

1° For all 27 € @ and for every sequence aj™ “ over () we have
(1) Blat) = A@? ™, A((a7 7% ep(ai™)) 7! a1 7%, 2)); and
2° For all € @ and for every sequences af 2 and b} 2 over @) the following
holds
A((a™* ep(al™)) ! ai ™, 2) = A(z, (b777, ep(b77)) 71, 61 7%),

. _ovdef _ _ _ . .
ie. a, where a(c )= (2 ep(cf?))7!, is a central operation of the

n—group (Q, A).
The proof of 1°.

By Def. 2.2 and by condition (Vi)X; = Xy;_1, for every 22" ' € Q the
following equality holds
A(B(ah), 2307") = A(27 ™1, Bz 1)),

2n—2 n—2

hence, by the substitutions z2%7* = a7 and 9, 1 = e(a] ?), where a} >
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is an arbitrary sequence over (), we conclude that for every z} € () and for
every sequence a2 over ) the following equality holds

(a)  Blat) =A@ ™, B(xa,ai ™% e(a;™?))).

Putting 25! = a? > 2, =ep(a}?) and x,, = 7 in (a), we obtain

v = Alep(ai™),ai ™%, B(z,ai* e(ai %)),

hence, by Th. 1.3 from Chapter III, we conclude that for every z € () and

for every sequence af 2 over @ the following implications hold

v = Alep(ai ™), ai"*, Bz, ai % e(a] 7)) =

A((a7 7% ep(ai ™))" 176”1‘_2;%) =
A((a7™?, ep(a™)) 7! a7, Alep(ai ™), a1 7%, Bz, a1 % e(ai7%)))) =
A((af 2763(61?_2))*17@71‘_2;17) =
A(A(( “ep(al ™) ai 7 ep(al ), a1, B(x,a] Y e(alY))) =
A((@1™? ep(ai™)) " a7 2) =
Ale(a} ) ay % B(x,at 2 e(a}™?))) =

(

A((a1™ ep(ai ™))™ a7, 2) =

B(z,a}™*, e(a™?)),
i.e. the following equality holds
(b) B(x,ai ™% e(ai ™)) = A((ai* ep(ai ™))" ai ™2, 2).
Putting (b) in (a) we obtain 1°.

The proof of 2°.

Let

(€) (e ) E (el ep(cf )
for every sequence ¢}~? over Q. By the substitutions (c), the formula (1)
reduced to
(1) B(a}) = A(i™", A(e(ai ™), ai ™", ).

By Def. 2.2 and by condition (Vi)X; = Xy;_1, for every 22 e Q the
following equality holds
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A(x?_Qv B(Ivzzyi_ﬁ)? xQn—l) = A(x?_lv B(x%n_1>>
Hence, by 1°[(1)], we conclude that for every 23" € Q, for every sequence
a2 over () and for every sequence b} 2 over ) the following series of impli-

cations holds

A("lel_{ A(x72171—137 A(a(a?_Q)a a?_Q, m2n—2))7 m2n—1) -
Ay A2, Ala(D772), 0772, 29n1))) =
A(xrll_2) A(xi'ri_lzﬂ A(a(a?_2)a al_ ) xZn—Q))a x2n—1) -
A(lel_17 A(xin—37 A($2n727 a(b?_Z)a b?_Q)a xanl)) =
A("E?_2’ A(xi’ri_137 A(a(a?_2)u a?_Q, IZn—Q)); C(:277,—1) -
A('x?_27 A(xi71_137 A(x2n727 a(b?_Q)a b?_2))7 x2n71) =
A(a(a?_z)u CL?_2, I2n—2) = A(Ign_g, a<b?_2)7 b?_2)7

hence, by Def. 1.1 from Chapter X, we conclude that a [cf. (c)]is a central
operation of the n—group (@, A).

Finally, by 1° and 2°, we conclude that Theorem 4.1 holds.? O

4.2. Theorem [Usan 2001/1]: Let (Q,A) be an n—group, n > 3, A €
oI > 2, and let for all B € Y there exist a central operation o of the
n—2

n—group (Q, A) such that for every x € Q and for every sequence ai™ = over
Q the following equality holds

B(at) = A(z17, A(e(ai™?), a2, 2)).
Then (Q,Y) is an SAAnQ of the type XY with condition (Vi € {2,...,n})X; =
Xoi-1-

Proof. The following statements hold:
°1 If B € 3, then (@, B) is an n—quasigroup; and

°2 For all i € {2,...,n}, for every 23" ' € Q and for every B,C € ¥ the
following equality holds

For B=A, a=e
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B(C(a), xiﬁll) = B(xil_lu O($§+n_1)a x?_fy_zl)-
The proof of °1 :

Let B be an arbitrary operation from > . Also, let a be a central operation
of the n—group (@, A) such that for all 27 € @ and for every sequence a} >

over () the following equality holds

B(ay) = A(a? ™, A(e(a ™), a1 7%, ).
Hence, by Prop. 1.9 from Chapter X, by Def. 1.10 from Chapter X, and Def.
1.1 from Chapter I, we conclude that the statement °1 holds.

The proof of °2 :

Let B and C' be arbitrary operations from ). Also, let a and 3 be
central operations of the n—group (@, A) such that for all 2} € @ and for
every sequence a2 over @ the following equality holds

B(x}) = A(m?‘l,A(a(arf— ), ay” 2 ,T,)) and

Clap) = A(@™, A(B(ai ™), al ™%, 2n)).
Further on, let permutation « [3] be associated to the central operation o [3]
of the n—group (@, A). Hence, by Th. 1.11 from Chapter X, we conclude

2n—1

that for every x1"" " € @ the following equalities hold:

B(C(xh), o) 2 A(A@L, Blan)), wrin®s alwan 1))
1.11 n
%a( (BA(7), 2")
o (BA(A(27),2717"))  and
:XA<04( 1)7372 1aA( §+n_276($i+n—1))ax$1;1)
111 i itn— n—
Yo (A, BAGE), 22050))
= a(BAG A, ).
Since (@, A) is an n—group, we conclude that the statement °2 holds.
Finally, by °1, °2 and Def. 2.2, we conclude that Th. 4.2 holds. O

4.3. Remark: SAA2Q of the type XY with condition (Vi)X; = Xo;_1 was
described in [Belousov 1965]. Cf. Th. 4.1 with Th. 1.3 [—(iv)].
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5 A description of an SAAnQ of the type XY
with condition (El’l, € {2, ce ,n})Xg(i_l)_l 7é
Xoi-1

5.1. Theorem [Usan 2001/1]: Let (Q,Y) be an SAAnQ of the type XY
with condition (Fi € {2,...,n})Xou-1)-1 # Xoi—1 and n > 3. Also, let C' be
an arbitrary operation from Y [cf. Prop. 1.2]. Then, for all D € Y there is
a central operation o of the n—group (Q,C) such that for every =t € Q and
for every sequence al™% over Q the following equality holds:

D(at) = C(a17", Cle(ai™?), a1 7%, 2)).

Proof. Let A and B be two arbitrary operations from ). By Prop. 1.2,
(@, A) and (Q, B) are n—groups. By Th. 2.6 from Chapter II, (@, A) and
(@, B) have {1, n}—neutral operations, denoted, respectively, by e, and eg.
Let also the inverse operation in (Q, A) be denoted by !4, and the inverse
operation in (Q, B) be denoted by &, (cf. Chapter III). By Def. 2.2 and by
condition (i € {2,...,n})Xs4-1)-1 # Xo—1, we conclude that there is an
j€{1,...,n—1} such that for every 23" € Q the following equality holds

(1) Al Bl ™), 23t = Blad, A(e]L)), a7t )

Firstly we observe that under the assumption the following statements
hold:

1° For all 27 € @ and for every sequence a} 2 over ) the following

equalities hold

(1a) A(z}) = B(ai ™, Blxj, 0172, (a7 7% ea(af™?))7'7), ) and

(1) B(at) = A, A((a)* ep(a] ™)) 1), al 7%, 2541), 7 ,); and

2° For all z € @ and for every sequences a2 and b7"2 over @ the
following equalities hold

(1) Bz, ai ™, (a7 ™% ea(ai ™)) 7'%) = B(6i 72, (b2, ea(ti™2)) "2, 2),
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~

(1p) A((a1™? ep(ai ™)), a7 2) =
ie. a, where a(c]™ 2)def( INCE
n—group (@, B) and 3, where 6( n2
eration of the n—group (Q, A).

Az, (0772, ep(b17%)) 14, 0777),
?))7!2, is a central operation of the

):f( 7% ep(ci?))714, is a central op-

The proof of 1° :

By the substitutions xjff ?=ay % and 7j4,-1 = e(a}?) in (1), where

a7 % is an arbitrary sequence over @, we conclude that for every 27, a? 2, x?_’ﬁgl
@ the following equality holds
(a> A("L‘{_la B(‘Ij? al eA(a? 2))7 x?z;l) = B(xlw x?inl)'

By Th. 1.3 from Chapter III and by Def. 1.1 from Chapter I, we conclude
that for every a2, u ,x; € @ the following equivalence holds

(b) B(zj,ai™* ea(ai™)) = u & ;= Bu,ai ™, (a ™% eaa™))'7).

By (a) and (b), we conclude that for every y?, a2 € @ the following
equality holds
Ay?) = Blyd ' Blys, ai >, (ai % ealai™)7'%) ),
i.e. the equality (14) holds.

.. . . itn—1 _
Similarly, if we put in (1) 27757 = a}? and z;4, = ep(al™?), we con-

clude that for every y?, a2 € Q the equality

B(y?) - A(Zh, A(( T 27 eB<a71172))_1A7 a?iza yj+1)7 y?JrQ)
holds.

The proof of 2° :
We distinguish the following cases:

Case I:
(11) A(B(a}), 22871 = B(ay, A(zgt), 227,") and

(1) Blay, A(25™), 2315") = B(at, A(25™), 27151

Case II:
(I1) A(B(x}), 2247") = A(zy, B(as ™), 2275") and
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(IL) Az, B(zy™),2775") = Blaf, A(zy ™), 23550).

Case I1I:
(I11) A(B(xY), :vfﬁr_ll) = B(:vl,A(:BZ“) x%ﬁr}l) and

(I115) B(xy, A(x5™), 2250 = A2, B(x52), 22750).

Case IV:
(Vi) A(B(a}), 2'n') = Az, Bay™), 2775 1),
(IVa)  A(zy, B(ap™),23,") = A, B(a5"?), 23%5") and
(IV3) (1) for some j € {3,...,n —1}.

The proof of 2°-I:

In case I the formulas (1) and (1p), respectively, reduced to
(1) [(1) for j = 1] and
(1) A(at) = B(B(Iba’f2 a(ay™)),25) [(1a) for j =1],
where a(a?2)% (0772, e 4 (a7 2)) 12,

1

By (1)) and by (I5), we conclude that for every z3"~! € @Q, for every

sequence a2 over @ and for every sequence b2 over @ the following series
of implications holds

Blo1, B(B(aa, a1~ aai™2), a5 ™), 22151 =

Bla?, B(B(us, b2, a(bi2), ai*?), 22131) =
( @2), 25), 25, 2251) =
B(Blrs, b2, (b 2), 214, a23)) =

(B(ai2, (0} ™2), 3), 23 %), 22150) =

o}, B(B(xs, b1 %, a (b)), 24 ), a7i3") =

B(ai™* a(al™?),23) = B3, b1, a(01 7)),
hence, by Th. 1.7 from Chapter X, we conclude that a is a central operation
of the n—group (Q, B).

The proof of 2°-II:



XI Super-associative algebras with n—quasigroup operations 121

In case I the formulas (1) and (14), respectively, reduced to (I13) /(1)
for j =2/ and
(1) B(x7) = A(%A(ﬁ( ), ai 7%, xs), 2) [(1p) for j = 2],
where B(a} %)< (a2, en(af ) 1.

By (1%3) and by (II,), we conclude that for every zi"~! € @, for every
sequence a2 over () and for every sequence b over ) the following series
of implications holds

A(A(27, A(B(a17%), a1 7%, wa), ), 27)71) =

Ay, A3, A(B(BY %), 0172, ), 257, 275 ) =

A(A(z3, A(B(ay™?), a1 72, w3), o), 277 ) =

(
(
(w1, Az, Az, B0 %), 0777), 2i), a0k5') =
(
(A

s

A A(ZE%,A( (ayll 2) ayll 2,$3) x4)7x$ﬁrll) -
A(A(a?, A, BT 7%),b17%), ), 27%7") =
A(B(ai™®), ai ™2, x3) = A(zs, B0772),b177),
hence, by Def. 1.1 from Chapter X, we conclude that 3 is a central operation

of the n—group (Q, A).

The proof of 2°-III:

In case I11 the formulas (1) and (1,4), respectively, reduced to
(I11y) /(1) for j = 1] and
(1) A(at) = B(B(xl,af%am? 2)),3) [(14) for j = 2],

where a(a}™ 2)def(al sea(ay™?))71s.

By (1’4) and by (I115), we conclude that for every 7"t € Q, for every
sequence af? over @ and for every sequence b2 over @) the following im-
plications hold

Blay, B(B(rs,ai %, eaf ™)), o ™), 73") =

B(‘B(J;h leli ) a(b?72))7 T, B($g+2), xiﬁ?)’l) =
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B(x17B(x27a?_27a(aZTlL 2)) B<xg+2)7x7217—1|-51) =
B(x1, BOT 2, eu(b}?), 29), B2y ?), 225 =
B(zy,a7 72, a(ai™?)) = B0} 2, a (b ?), 2),

hence, by Th. 1.7 from Chapter X, we conclude that a is a central operation
of the n—group (Q, B).

The proof of 2°-1V:

In case IV the formulas (1) and (1), reduced to (1) and (1p) for some
j €4{3,...,n}. Furthermore, let

Bl (e en(ef ) .
By (1p) and by (IV}), we conclude that for every 23"~ € @Q, for every

sequence a2 over Q and for every sequence b2 over @ the following series
of implications holds

A(A(I{,A(,@(CL? 2>7a7ll ? x]-l—l)a ]-1—2)’1'721111) -
A X1, ( J+17A</8(b71172>7b17 7$j+2>7$j++131)7$31151) =

A

A<x1a ( (CL? 2)7a7ll 2 x]-l—l)a ]+2)’l’?ﬁrll) -

(
(
(w1, A, Alzjr, BOT), 617), a7ls), i) =
(
(A

s

A(A(], A(B(a7), a0 7%, wjpn), ally), woy ) =
A (xlv ()11, BT~ %), 0072, 95?+2)7xir—fll) =

A(/B<a? 2) a? 2 xj—l—l) - A(mj+17ﬂ(b?_2)7b?_2)a
hence, by Def. 1.1 from Chapter X, we conclude that 3 is a central operation
of the n—group (Q, A).

The proof 2° is completed.

Finally, by 1°,2° and by Prop. 1.3 from Chapter X, we conclude that the
proposition is satisfied. O

5.2. Theorem [Usan 2001/1]: Let (Q,Y) be an n—group, n > 3, A €
, || > 2 and let for all B € Y there exist a central operation o of the
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n—group (Q, A) such that for every z7 € Q and for every sequence a}~* over
Q the following equality holds
B(at) = A(a? ™, A(er(a1™?), a1 7%, ).
Then (Q,Y°) is an SAAnQ of the type XY with condition (Ji € {2,...,n})
Xoi—1)-1 # Xoi—1-
Proof. The following statements hold:
°1 If B € 3, then (Q, B) is an n—quasigroup;

°2 For all i € {2,...,n}, for every 27" ' € Q and for every B,C € ¥ the
following equality holds
B(C(a}), z,"57") = Bz, C(ai™ ), 2, "); and

7

°3 For all j € {0,...,n— 1}, for every 21" ! € Q and for every B,C € ¥
the following equality holds

B(ad, C(ai1), a2Ly) = Clad, B, a?inhy).
The proof of °1 : The proof of °1 from Th. 4.2.
The proof of °2 : The proof of °2 from Th. 4.2.
The proof of °3 :

Let B and C' be arbitrary operations from ). Also, let a and 3 be
central operations of the n—group (@, A) such that for all 2} € @ and for
every sequence a2 over Q the following equalities hold:

B(x}) = A(w?‘l,A(a(a?_2),a?_2,xn)) and

Cat) = Al AB(3 ), al 2, 2,).
Further on, let permutation a [f] be associated to the central operation
a [B] of the n—group (@, A). Hence, by Th. 1.11 from Chapter X and by
Th. 1.12 from Chapter X, we conclude that for every 22" ! € @Q the following

equalities hold:



124 XI Super—associative algebras with n—quasigroup operations

1 i — 1.11X
B(ag, C(xii)), 2350) —XCYA( ], BA@TT), 20 4)
1.11
a(BA(z ]1 A, 23 4)
112X
= BlaA(x], AL, 235 50)
111X
- ﬁA( laaA( ji?)a 32-7—71-1&-1)

The proof of °3 is complete.
Finally, by °1 —° 3 and Def. 2.2, we conclude that Th. 5.2 holds. O

5.3. Remark: SAA2Q of the type XY with condition X, # X3 was de-
scribed in [Belousov 1965]. Cf. Th. 5.1 with Th. 1.3 [—(vi)].

6 A description of an SAAn(Q in terms of
Hosszu-Gluskin algebras

A consequence of Theorem 3.1, of Theorem 2.2 from Chapter X and of The-
orem 2.3 from Chapter X is the following proposition:

6.1. Theorem [Usan 2001/1]: Let (Q,>) be an SAAnQ of the type X X
and n > 3. Also, let A be an arbitrary operation from Y. and (Q,{-, ¢,b})
an nHG—algebra associated to the n—group (Q, A). Then, for every B €
there is exactly one a € Q) such that for every x,x} € Q) the following equal-
ities hold:
(a) B(ry) =1 @(w2) o 9" (1) b a- b my,
(b)  (a-b)-z=xz-(a-b),
(c) o(a) =a and
(d)  (a-b)-(a-b)=e
where e is the neutral element of the group (Q, ).

A consequence of Theorem 4.1, Theorem 5.1 and Theorem 2.2 from

Chapter X is the following proposition:
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6.2. Theorem [Usan 2001/1]: Let (Q,Y) be an SAAnQ of the type XY
and n > 3. Also, let A be an arbitrary operation from Y. and (Q,{:, ¢, b})
an nHG—algebra associated to the n—group (Q, A). Then, for every B € 3.

there is exactly one a € Q such that for every x, x} € Q the equalities (a)—(c)
from Th. 6.1 hold.

6.3. Theorem [Usan 2001/1]: Let n > 3, let (Q,A) be an n—group,
(Q,{,p,b}) its associated nHG—algebra, A € Y, || > 2, and let for
all B € Y there is an element a € @ such that for every z,x}7 € @ the
following equalities hold

p(a) =a,

(a-b)-x=x-(a-b) and

B(a) =x1-p(xe) ... " *(xp_1)-b-a-b-x,.
Then (Q,Y°) is a SAAnQ of the type XY.
Proof. By Th. 4.2, Th. 5.2 and by Th. 2.4 from Chapter X. O

n72(

6.4. Theorem [Usan 2001/1]: Let n > 3, let (Q,A) be an n—group,
(Q,{,p,b}) its associated nHG—algebra, A € Y, |>| > 2, and let for
all B € Y there is an element a € Q) such that for every z,z}] € @ the
following equalities hold
p(a) = a,
(a-b)-z=x-(a-b),
(a-b)-(a-b) =e [e the neutral element of the group (Q,-)] and
B(x}) =z -p(xe) .. " Ny -b-a-b-x,.
Then (Q,Y) is a SAAnQ of the type X X.
Proof. By Th. 3.2 and by Th. 2.5 from Chapter X. O
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7 On a description of the case n = 3 by Yu.
M. Movsisyan

SAA3Q were described firstly by Yu. M. Movsisyan in 1984 (cf. [Movsisyan
1986]).

In this section we compare one proposition of Yu. M. Movsisyan [[Mov-
sisyan 1986] p. 152, direction ” = ” of Th. 2.2.37/ with the corresponding
proposition from 6 for n = 3 [Th. 6.2 for n = 3/. Therefore, we advance the
following definition:

7.1. Definition [Usan 2001/1]: Let (Q,{-, 53,7, s,t}) be an algebra, where -
1s a binary operation in @, is a permutation of the set Q, and r,s,t fixed
elements of the set Q. Then we say that (Q,{-,3,r,s,t}) is a 3M—algebra
iff the following statements hold:
(1) (Q,-) is a group;
(2) € Aut(Q, )
(3) B(s-r)=1r-s-t71 where ~! is the inverse operation in the group (Q,-);
and
(4) (v € QF(x) - (B - 5) = (BG) - 5) -2

Using Def. 7.1, Theorem of Movsisyan corresponding Th. 6.2 for n = 3
[[Movsisyan 1986, p. 152, direction ” = " of Theorem 2.2.37/, can be
formulated in the following way:

7.2. Theorem [Movsisyan 1984]: Let (Q,") be an SAA3Q of the type XY.
Then there ezists a 3M —algebra (Q,{-, 3,1, s,t}) such that for every B € Q
there is exactly one p € Q such that for every x,x3 € Q the following equali-
ties are satisfied

(@) B(x})=a1-1-0(x2) - s-p- a3,

(b) prx=x-pand
(€) Blp)=t-p.
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Theorem 6.2 can be formulated in a similar way for n = 3 :
7.3. Proposition Let (Q,>) be an SAA3Q of the type XY. Then there
exists a 3HG—algebra {Q, {-, p,b}) such that for every B € Y there is exactly
one a € Q such that for every z,x3 € Q the following equalities are satisfied
(@) B(a}) = a1 p(w2) b-a-b- s,
) (a-b)-z=x-(a-b) and
@ vla) =a.

8 On congruences in a SAAnQ

8.1. Theorem [Usan, Zizovié 2004): Let (Q;Y) be a super-associative
algebra with n— quasigroup operations (n > 3) [cf. Def. 1.1] and let A be an
arbitrary element of >~ . Then, the following equality holds

Con(Q;¥2) = Con(Q; A).

Proof. Let (Q;Y°) be a super-associative algebra with n—quasigroup oper-
ations and let A be an arbitrary element of Y. Also, let (Q;-,¢,b) be an
arbitrary nHG—algebra associated to the n—group (Q; A) [cf. Prop. 1.2-XI
and Def. 2.3-IV/. Then, by Th. 6.1-XI and Th. 6.2-XI, for every B € 3 there
is exactly one a € @) such that for every z,z7 € @ the following equalities

hold

B(x}) =z - p(xe) .. 0" (xp1) - b-a- b xy,

(a-b)x =z-(a-b) and

p(a) = a.
Whence, we have: (Q;-,p,b-a-b) is an nHG—algebra associated to the
n—group (Q; B).

Finally, by Th. 3.1-VI, we conclude that the proposition is satisfied. O
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Chapter XII

NOTE ON (k(n — 1) + 1)—=SEMIGROUPS

1 Auxiliary propositions

1.1. Proposition [Dudek 1995]: Let n > 3, let (Q, A) be an n—groupoid

and let E be an (n—2)—ary operation in Q. Also, let for all x,x1"~' € Q, for

2

every sequence ai "% over Q and for every sequence b7 over Q the following

equalities hold:
(1) A(A(2}),27%7") = Az, Ay ), 235",
(ii) A(z,at 2, E(a}™ %)) = = and
(ii) Ay E(BY %), 2) = =
Then (Q, A) is an n—group.
Proof.! Firstly we observe that under the assumption the following state-
ments hold:
1° For every x,y,a,a ? € Q the implication holds
A(w,a,a17%) = Ay, a,a{7%) = z = y;
2° (@, A) is an n—semigroup;
3° (Ya € Q)(Ye; € Q)1 a = E(¢i°, E(a, ¢ 7));
4° For every x,vy,a,a’ > € @ the implication
Ala,z,ai7%) = Ala,y, a1 ?) > o =y
holds;
5° For every x,v,a,a} ? € Q the equivalence
A(a)™? z,a) = Ala] ™, y,0) ®x =y
holds; and

1[Usan, Zizovié 2002/1].



XII Note on (k(n — 1) + 1)—semigroups 129
6° For every x,a,b,a’ ? € @ and for all sequence ¢}
Ala,r,a7?) = b <
x = A(ci°, E(a,c1™°), b, E(a;™?)).
Sketch of the proof of 1°:
A(x,a,a'™?) = Ay, a,a}™?) =
Az, a,a5%), E(al™), ¢, E(a, i
1
1

(
(
(A(y,a,a7?),E(a}™
(
(

over ()

s

A z, (a’ a’l - E( )
Y, (CL al 2a E(a?_Q)
x=y.
The proof of 2°:
By 1° and by Prop. 2.1 from Chapter III.

s

n—3 n—3
» C1 ) E(a7 1

= A(y> a, Cl )

Sketch of the proof of 3° :
Ala, &3 E(a, =), E(ci ™, E(a, ) (i, E(a, %),
Ala, &3 E(a, %), E(c) E(a, ;%)) Y.

Sketch of the proof of 4° :

Ala,z,a}™?) = A(a,y,ai?) =

A(C?iga E(aacrll 3)7A(a7x7a1 2)? E(a?72>> =
A", E(a,¢™°), Ala,y, ai ), E(a] )%

A(! 7% E(a, ¢t 7%), 0, Az, a7 72, E(a77?))) =
A(¢ Ela, 1), a, Ay, a} =%, E(al %)=
A(? E(a, ¢} %), a,2) = A(cp 3 E(a,ci‘_g),a,y)g
A1, E(a, 7°), E(1 7%, E(a, 61 77)),2) =

A(S, Ela, ¢ 7%), E(cl 7 Bla, 1)), ) B = y

Sketch of the proof of 5° :
Aai™* z,a) = A(ai™",y,a) =
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A(d3, A(ai ™,y a), d5 )%

A(A(2, a7%),y,a, dy )5

A, A, ,0), d5)
A(A(di, a7 7%), 2, a,d57Y)
x=1y.

Sketch of the proof of 6° :

Ala,z,a77?) = b

A<C7f_3> E(aa 0711_3)7 A(CL> Z, a?_Q)a E(a?_Q)) -
A, E(a, ™), b, E(ai %) &

A(e 7% E(a,¢i7%), a, Alw,af 7%, E(a]7?))) =
A, E(a. ¢ 7). b E(ai )&

A(c}3 E(a, ¢} %), a,7) =

A= E(a, &%), b, E(a?) S

A(el ™%, B(a, 1 7%), B(c1 7%, E(a, 1 7%)), @) =

A, E(a, ¢} ™), b, E(af 7)) &5

x = A(c{, E(a, ¢/ ), 0, E(a] 7))

Finally, considering 2°,4° and 6°, by Th.3.4 from Chapter IX, we conclude
that (@, A) is an n—group. O

Similarly, one could prove also the following proposition:

1.2. Proposition [Dudek 1995]: Let n > 3, let (Q,A) be an < n —1,n >
—associative n—groupoid and let E be an (n — 2)—ary operation in Q. In

addition, let for all x € Q, for every sequence a2

over ) and for every
sequence b7™2 over Q the following equalities hold
A(E(a1™%),a17% x) = = and Az, E(b}7%),b177%) = .

Then (Q, A) is an n—group.

1.3.Remark: E from 1.1 and from 1.2 is an {1, n}—neutral operation of the
n—group (Q,A). [Cf. Th. 2.6 from Chapter II and Def. 1.1 from Chapter

1]
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2 (n—2)—neutral operations of (k(n—1)+1)—gro-
upoids

2.1. Definition [Usan 1998/3]: Let (k,n) € N x (N\{1}), let A be a
(k(n—1)+1)—ary operation in Q and E a mapping of the set Q"2 into the set

Q. Then: 1) we say that E is a left (n—2)— neutral operation of a (k(n—

k k
1)+ 1)—groupoid (Q, A) iff for every (ClL)l, e (clb)n,z, e (a)l, e (a)n,g €Q

the formula

i O 0. o0
(1) zi\lA< E(CL? )701? ;‘:1 Z, E(CL? )7a711
holds; 2) we say that E is a right (n — 2)—neutral operation of a (k(n —

a k k
1)+ 1)—groupoid (Q, A) iff for every (clz)l, o (a)n,z, o (a)l, . (a)n,g €qQ

the formula

k

j:iJrl) =z °

PG )
) AAC e Eag)
holds; and 3) we say that E is a (n — 2)—neutral operation of a (k(n —
1) + 1)—groupoid (Q,A) iff E is a left (n — 2)—neutral operation of a
(k(n — 1) + 1)—groupoid (Q, A) and a right (n — 2)—neutral operation of a
(k(n — 1) + 1)—groupoid (Q, A).

2.2. Remark: For n = 2 the formula (1) and the formula (2) reduce,
respectively, to the formulas

~ k i —i
(1) A A(e,x,ke ) =x and
i=1

©) ()

=1 0w al L Ee))

k

j:i) =T

a i—1 k—i+1

@  AACE T =
=1

e= E(@)._Further on the conjuction of the formulas (1) and (2) for all z € Q
is equivalent with the following formula

k+1 . .
() AA(ez ¢ =u
1=

i) (@)
For example, in [Belousov 1972]: { a ¢ } i_, instead of a§ |5, .
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(See, also Def. 1.1 and 2 from Chapter II.)

2.3. Proposition [Usan 1998/3]: Letn > 3 and let (Q), B) be an n—semigroup
with a {1, n}—neutral operation e. 3 Further on, let k > 2. Then the following
statements hkold:

a) (@, B) is a (k(n — 1) + 1)—group; and

k

b) e is an (n — 2)—operation of the (k(n — 1) + 1)—groupoid (Q, B).
Proof. 1) By Th. 2.2 from Chapter IX, we conclude that the n—semigroup
(@, B) is an n—group. Therefore, by 6 from Chapter VI and by Def. 1.1
from Chapter I, we conclude that the statement a) is satisfied.

2) By 1), By Prop. 1.1 from Chapter IV and by 6 from Chapter VI, we
conclude that the statement b) holds.

Sketch of a part of the proof of b) :

OO
B( ajq 7e(a1 ) ;‘:l’x):

3See Chapter II and 2.1-IX.
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3 Main proposition

3.1. Theorem [Usan 1998/3]: Let k > 2, n > 2 and let (Q,A) be a
(k(n—1)+1)—semigroup. Further on, let E be a left (n—2)—neutral operation
of a (k(n—1)+1)—semigroup (Q, A) or a right (n — 2)—neutral operation of
a (k(n—1)+ 1)—semigroup (Q, A). Then there exists an n—groupoid (Q), B)
such that the following statements hold:

(1) (@, B) is an n—semigroup;

(i) A= g;

(1i1) E is a {1,n}—neutral operation of the n—groupoid (Q, B); and

() If n > 3, then (Q, A) is a (k(n — 1) 4+ 1)—group.
[Cf. Chapter 1I-1.]

Proof. 1) Let E be a right (n — 2)—neutral operation of a (k(n — 1) +
1)—semigroup (Q,A); k > 2, n > 2. Firstly we observe that under the
assumption the following statements hold:
(4
1°Let a2 j €{1,...,n—1}, be an arbitrary sequence over Q. Further
on, let for every =7 € Q)
s I
(@) B(af)=A(zy, ay " E(ay™)
(4)
Then for every sequence of sequences ¢ 12 j € {1,...,n — 1}, over Q and

for every z7 € @) the following equality holds
) ()
B(a}) = A(zf, 7% E(c)™?)

.

€)
2° For every 27 € @ and for every sequence of sequences c |2, j €

{1,...,n — 1}, over @ the following equality holds
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() (4)
B(zh) = A2y, e 72 E(e?) ;?;11, Tp).
3° (@, B), where the n—ary operation B in @ is defined by (a) in 1°, is
an n—semigroup.
4° For every 25" %! € () the following equality holds
A(xif(n—l)ﬂ) _ é(xllc(n—l)-&-l).
5° For all z € Q, for every sequence a2 and for every sequence b2 over
@ the following equalities hold
Bz, a2, E(a}2)) = = and B2 E(b2),2) = o.
6° If n > 3, then (@, B) is an n—group.
7° E is a {1, n}—neutral operation of the (Q, B).
Sketch of the proof of 1°:

- W o w D
B(ZE?):A(B(JZ?),al 7E(a7ll )7 Cl 7E(Cl )

O 0 ® ® D O
A(A(at, a7 E(ai™) -

ORI
A7 Az, a 77 E(a]™?)

@G
A(af, 7% E(ci™?)

Sketch of the proof of 2° :

j=1

iy}

e @O @
B(z7)=A(27, by “ E(b]™7) j=1):

-1 ) -2 G -2\ |k—1 -2 -2 @ -2 ) -2\ | k-1
A(QT? >A( 7ll 7Eb7f )j:lvxnac? >E(C7f ))7 b? 7E(b711 )j:l)

1 U -2 v -2 | k-1 -2 -2 ) -2 ) —2\ | k—1\\2.1
A(ml ’ b711 7E(b711 j:l?A(‘rnvc? 7E(C711 ) lel 7E<b? ) j=1>)i

R N
Ay AC DY E(B YY) |55 @)

The proof of 3°:
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Let ¢ be an arbitrary element of the set {1,...,n — 1}. Then for every
()

1" € Q, for every sequence of sequences b7 % j € {1,...,k — 1}, over
()
@ and for every sequence of sequences ¢ 772, j € {1,...,k — 1}, over Q the

following equality holds

(4)
k—1 2n—1 n—2 n—2
j:1),%+n , ¢ E(e™)
. (j) L () )
n n—
j= 17xz+n)75€@+n+1 c 1 E( )

' A () ()
A(asa—l,AW”-l, by, E(b v2)

Al A, DIt E(Dr) ! k1)

=1/
hence, by 1° and 2°, we conclude that for all i € {1,...,n— 1} and for every

22"~ € @ the following equality holds

B(ay!, B(ai™ ™), 2y ) = B(ay, B(al}), o3 1).
Sketch of the proof of 4° :

A(xllg(nfl)+1)2il

F(n—1) (J‘)n_2 (j)n_2 - (2)71_2 (2)n_2
Ay A(l‘k(nfl)Jrla ci % E(ei™) b LU EDTT))) =
(J’) ) 2 2
k—1)(n— k(n— — n— n— n— 1°,2°
A0 AT L et E(e ) A b ) B ) E

(2)

k—1)(n—1 k(n—1)+1 n— n— 2.1
A(alFe %B(a:(,i_l)():_mb 2 E(b %)%

J
AV ABR ), e E(Ce)

)
E(b17?)) =

(k=2)(n—1) (k=1)(n—1) pHm—D+1 (j)n—2 (j)n—Z k—1
A(zy 7A(‘T(k—2)(n—1)+17B( (k—1)(n— )+1)v ci % E(E!™) j 1),
(t) (t) 1090
bITHLEDTTY) ) =

(5-2)(n—1) 1y (k=1)(n-1) Fn—1)41 O o e o | eava
A(l’1 B(( 2)(n— 1)+1,B(:I}(k_1)(n_1)+1)), bl 7E(b1 ) t:l) -

k=2)(n—1) 2, k(n—1)+1 b e
A0 Bl L) bR ED ) |y,
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So, for k = 2 we have:

2 )
G = ABEPT. biEGT) (1)
5

The proof of 5°

By Def. 2.1, we conclude that for all z € @, for every sequence a"~? over

(9)
Q and for every sequence of sequences ¢ 772, j € {1,...,k — 1}, over Q the

following equalities hold
) )
Aw, a2 E(@r?), e} E(eh)
() ()
A E(af )0 e % E(e]?)

k—1
=1

) =T,
whence, by 1°, we conclude that for all € @ and for every sequence a2
over () the following equalities hold

Bz, a7~ E(a}2)) = & and B(a}~%, E(a} %), 2) = a.
For n = 2 this equalities reduce to the equalities

B(x,E(0)) = x and B(E(0),z) = .

The proof of 6° :

By 3°, by 5° and by Proposition 1.1.

The proof of 7°:

a) For n = 2 : by 5°.

b) For n > 3 : by 6°, by Th. 2.6 from Chapter II, and by Def. 1.1 from
Chapter 1.

Finally: 1) By 3°, by 4° and by 7°, we conclude that the statements
(1) — (7i) hold; and 2) By 4° and by 6°, we conclude that the statement (iv)
holds.

Similarly, it is posible to prove also the case: E is a left (n — 2)—neutral
operation of the (k(n — 1) 4+ 1)—semigroup (@, A). O
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Chapter XIII

ON LEFT (RIGHT) DIVISION IN n—GROUPS

1 n—groups as n—groupoids with laws

1.1. Theorem [Usan 1997/4]: Let n > 2 and let (Q,A) be an n—group.
Furthermore, let B ="'A, where

(0) Uz, 2772 y) —z<:gA (z,2772,9)

for all x,y,2 € Q and for every sequence 2> over Q.! Then the following

laws
(i) B(B(z, z,bi7%), B(y,a}?, 2),a} 2) = B(z,y,b7"?) and
(i1) B(a,c}™? B(B(B(u,¢{ %, u), ¢t 2,b), 4%, B(B(v, ¢ %,v),¢!7%,a))) = b

hold in the n— groupoid (Q, B).

Proof. Let n > 2 and let (Q, A) be an n—group, ~! its inverse operation
[Chapter I1I-1] and e its {1, n}—neutral operation [Chapter II-2/.

The proof of (i) :
a) By (0), we have
(a) A(y,a}™%2) =ue"'Au,a! 2 2) =y and
(b) Az, u, b7 =v < TA(v,u, b} ?) =
for all z,y, z,u,v € Q, for every sequence a’2 over Q) and for every sequence
b2 over Q.

b) By Def. 1.1 from Chapter I, by (o), by (a) and by (b), we conclude
-2

-2

that for all x,y,z,u,v € @, for every sequence af™“ over () and for every

sequence b2 over Q the following series of implications holds

1 =" is a left division in (Q, A).
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A(A(z,y,a77?), 2,b77%) = Az, Ay, af ,z),b’f‘z)(——og
TU(A(r, Ay, a2, 2), b172), 2, b0 7%) = A, y,af )2
“U(A(z, 4, b72), 2, 0072) = Az, Au, a2, 2), a"2)Y
U(v, 2, 0072) = A("U(v, u, 72), U, a2, 2), a2 2

“U(v,u, 72 ="TA(TU(v, 2, 0772, A(u, a2 2), ab ).
Whence, by the substitution B ="'A, we conclude that the following law
B(B(x,2,b17%), B(y,a1 ™, 2),a{™*) = B(z,y, ;")
holds in the n—groupoid (Q, B).

The proof of (i) :
@) By Th. 1.3 from Chapter III and by (o), we have
(€) (472 u) ™t =" TA(TA(z, 1 7%, 2), )7 27U)
for all u, z € ) and for every sequence cl_ over ().
@) Ale(ei™), ¢, 2) % LA(, c? 2,z>;
(8) Al u) ™ e %, u) e}~ 22:2:4 i hu) = (%)
AUz, 7 2), Q,U) (C’f 27U)’1‘/
b) By Def. 1.1 from Chapter I, by Th. 1.3 from Chapter III and by

(0), we conclude that for all a, b, u, v,z € Q and for every sequence a}~? over
() the following series of equivalences holds
“Ua, 2 x) =0 Y
Ab, 2 x) =a 'S
A ,0) 1 A7 2) = A, 0) 7 e a)
z=A((}? b)—l 2 a)d

A, (60 = A D)7 e a), e (7))
Az, 72, (cF 2 a)7Y) = (f72,b) 1&:;
UGG (G0 =

)
TACUACT A, 7 ), 72 0), o 27114( A(v,ci7%,0), 7% a)) = =,
le.
“Ua, 2 r)=be
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U A, R ), D), A T AT (v, ), 2 a)) = .
Whence, by the substitution B =14, we conclude that

Bla,c} % B(B(B(u,c} 2 u), i 2,b), 2, B(B(v, ¢} %,v),c}7%a))) =b
holds in the n—groupoid (@, B). O

1.2. Theorem [Usan 1997/4]: Let n > 2 and let (Q, B) be an n—groupoid.
Let also the following laws

(i) B(B(z,z,b7"%), B(y,a}™%,2),at?) = B(z,y,b}?) and

(ii) B(a,cy 2, B(B(B(u,c}™%,u), ¢ 2,b), ¢} 2, B(B(v, ¢y %,v), 42, a))) =b
hold in the n—groupoid (Q, B). Then, there is an n—group (Q, A) such that
A =B.

Proof. By (ii), we conclude that the following statement holds:
1° For every a € @ there is at least one x € @ such that B(a} ', 2) =

(.

Furthermore, the following statements hold.
2° (Va € Q)(Vz € Q)(ch € Q) ?*B(a, B(z,c¢{7 2, 2),ci7?) = a.
3° For every z,y,a} ' € Q the following implication holds
B(w,ai™") = B(y,ai™") =z =y.
3° For every a? € @ there is exactly one z € @ such that B(z,a} ') =
(.-
4° There exists an n—ary operation ~'B in @Q such that for all 2,y € Q
and for every sequence a?~' over Q
(©) B, @) ) =y By, ) = .
5° For every z,y,a} " € Q the following implication holds
“'B(x,ai™) ="' By, ol = v =y
5° For every a? € @ there is exactly one y € @ such that ~' B(y, af™!) =
(.-
6° For every a} € @) there is at least one = € () such that the following
equality holds ~'B(a} ™, x) = a,,.
7° The < 1,2 > —associative law holds in (Q,™! B).
8 (Q,! B) is an n—semigroup.
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The proof of 2° :
1) n > 3 : Putting z = y in (i), we obtain
(a) B(B(.T,y,b? 2)7B(y7a1 7y)7 ;rll )_B(x>y7b?72)'
By 1°, we have
(b) (Vo € Q)(Vy € Q)(Va € Q)(Vbi € Q)7 (3bn—2 € Q)B(x,y,07*) = a.
Finally, by (a) and by (b), we conclude that the statement 2° for n > 3
holds.
2)n =2: For n =2 (i) is reduced to
(¢) B(B(z,2), B(y, 2)) = B(z,y).
Putting z = y in (i), we obtain
(@) B(B(x,y), B(y,y)) = B(x,y).
By 1° we have
(5) (¥r € Q)(Va € Q)(Ey € Q)Bla.y) =
By (a) and (b), we obtain
(©) (Vo € Q)(Va € Q)(Ty € Q)B(a, B(y,y)) =
In addition, by 1°, we have
(d) (Vy € Q)(Vu € Q)(3c € Q)y=B(u; c).
Whence, by (), we obtain
d) 0
B(y,y) < B(B(u,c), Blu, ¢) “Bluu),
ie.
(@) B(y,y) = B(u,u)
for all y,u € Q.
Finally, by (¢) and by (€), we obtain
(Va € Q)(Yu € Q)a = B(a, B(u, u)).

Sketch of the proof of 3° :

B(z,a,b77%) = B(7,a,b}?) =
B(B(z,a,b{7%), B(B(v,b!7%,v),a1™%,a), a1 %) =
B(B(%,a,b7?), B(B(v, b} 2, ),a?‘Q,a),a’f_z)%
B(z, B(v,b}%,v),b7%) = B(z, B(v, b2, 0), b0 %)%
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r=7. [In(i):a=z Bvb%v)=1y]
Sketch of the proof gf 3° .
B(z,a,b}?) = b
B(B(z,a,b77?%), B(B(v,b}"%,v), a2,
B(b, B(B(v, b, v), a1, a), af =)«
B(z, B(v,b77%,v),b77?) = B(b, B(B(v,b}"%,v),a}"2, a),a} )<=
= B(b, B(B(v,0{7%v),a}~ 27a)7a?_2)7
ie.
B(z,a,b7?) =b< x = B(b, B(B(v, b} %,v),a} 2, a),a}™?),
whence, by 3°, we conclude that the statement 3° holds.

The proof of 4° : by 3°.

The proof of 5° :
By (), we obtain
“1B(z,a}™) =u < B(u,a}™") =z and
By, ai ) = v Bu,d ) =y
for all z,y,u,v,a}* € Q.
Whence, we have
“'B(x,al™) ="'B(y,ai7) = r =y
for all z,y,a} ' € Q.

The proof of 5° :
By (0), we obtain
“B(x,a ') =b< x = B(bal )
for all z,b,a?”" € Q. Whence, by 5°, we conclude that the statement 5°
holds.

The proof of 6° :
By 4°, we obtain
“B(a,a} % z) =b< B(b,a! ? 1) = a.
for all a,b,x € @) and for every sequence af~
conclude that the statement 6° holds.

2 over Q. Whence, by 1°, we
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Sketch of the proof of 7°:
a) By (0), we have
(a) B(v,u,b} %) =z & 1 B(x,u,b}?) = v and
(b) B(u,ai™2) =y e ' Bly,ai % 2) =u

~2 over () and for every sequence

for all z,y, z,u,v € Q, for every sequence af
b2 over Q.

b) The following series of implications holds
B(u,v,b77?) = B(B(v, z,b7"%), B(u,a}™~ 2,2),a’f_2)g
B(v, z,b77%) ="' B(B(u,v, b7 ?), B(u,a}™ %, 2),a}” 2)%
B(T'B(x,u,b77?), 2,b77%) ="' B(x, B(u,ay" 2, 2), a’f’Q)g
B("'B(x —IB<y,a?*2, 2,072, 267 ="' By, 4 )=

“B(TB(x,y,a17%), 2,007%) ="' B(x, ' Bly, ai” 72) ).
The proof of 8° :
a) For n =2, by 7°. b) For n > 3, by 7° and by Prop. 2.1 from Chapter III.

~

Finally, by 1°,5°,8° and by Th. 3.1 (or Th. 3.2) from Chapter III, we
conclude that Th. 1.2 holds. O

1.3. Remark: Similarly, the n—group (Q, A) can be described by the n— gro-
upoid (Q,A™Y). [A™ (z,a} 2, y) = PPN Alx,ab™2 2) = y; A7' is a right
division in n—group (Q, A)./

2 One proposition of the n—subgroups

2.1. Theorem: Let (Q,A) be an n—group, ~' its inverse operation and
n > 2. Also, let H € P(Q)\{0}. Then (H,A) is an n—subgroup of the
n—group (Q, A) iff for all x,y € H and for every sequence a}~ 2 over H the
following statement holds

A(x,a? ™2 (a7 2,y)"h) € H.

Proof. By Th. 1.1, by Th. 1.2 and by Prop. 2.1 from VIII /=4 (z,a} 2, y) =
A(x,a1 7%, (a1, y)™")). O
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2.2. Remark: Th. 2.1 for n = 2 is a well known proposition.

3 TS — n—groups as n—groupoids with laws

3.1. Definition: Let (Q, A) be an n—quasigroup and n > 2. Also let o be a
permutation in the set {1,2,...,n+ 1}. Moreover, let

A® (513?) = an+1ch(£L’a(1), Ce ,xa(n)) = :L‘a(n+1)
for all 27 € Q. We say that (Q, A) is a totally symmetric n—quasigroup
[briefly: T'S-n-quasigroup] iff for any permutation o on {1,2,...,n+ 1} we
have A* = A. In the case when o = (1,n + 1) instead of A* we have 1 A.

Similarly in the case a = (n,n + 1) instead of A* we write AL

3.2. Proposition [Usan 1999/6]: Let n > 2 and let (Q,B) be a TS —
n—group. Then the following laws

(“) B(CL, 0?727 B(B(B(u7 6711727 u)a 0711727 b)a 0?727 B(B(Ua 0711727 U)? 6?727 U), 0711727 a))) =
b,

(i41) B(z,ai™%y) = B(x,a1 7%, B(B(y,ai"",y),ai "%, y)) = b and

() B(,y,a1*) = By, z,ai %)

hold in the n—groupoid (Q, B).

Proof. a) By 7'B= B (Def. 5.1), and by Th. 1.1, we have (i) and (i1).

b) By ~'B = B and by Prop. 2.1 — (4g) from Chapter VIII [:A(z, a7 2, y) =

“U(z, a2 AUy, a2 y), ab 2 y)], we obtain (iii). ¢) By Def.8.1, we

have also (iv). O

3.3. Theorem: [Usan 1999/6]: Let n > 2 and let (Q, B) be an n—groupoid.
Let also the laws (i) — (iv) hold. Then (Q, B) is a T'S-n-group.

Proof. Firstly we observe that under the assumption the following state-
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ments hold:
°1 There is an n—group (Q, A) such that A = B;
°2 7B = A;
°3 ~B — B;
°4 (Q, B) is an n—group;

°5 For all z € Q and for every sequence a2 over @ the following equality

holds (a}2,2)™' = =, where ~! is an inverse operation in the n—group
(@Q, B);
°6 B~! = B;
n—2

°7 For all z,y € @ and for every sequence aj™“ over () the equality
Bz, a2 y) = B(y, aj~ ) holds;

°8 Let n > 3. Then, for all 27 € @ and for all permutation @ on {1,...,n}
the following equality holds
B(x}) = B(Za(1): - - - » Ta(n)); and

°9 Let n > 3. Then, for all 27 € @ and for all i € {2,...,n — 1} the
equality B® = B holds, where
(B) B9 eq) =yEBa y ) = w
The proof of °1 : By (i), (#4) and by Th. 1.2.
The proof of °2 : ~1B 2 “1(TA) = A
The proof of °3:
By °1,°2 and by Prop. 2.1 — (4;) from Chapter VIII, we have
(i) ~'B(x,ai?,y) = B(z, a7, B(B(y, a1 ™%, y), ai™*, y))
for all 2,y € Q and for every sequence a}~ 2 over Q. By (4ii) and by (iii), we
obtain 7B = B.

The proof of °4 :

Firstly, by °2 and °3, we have A = B. Whence, by °1, we conclude that
°4 holds.
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The proof of °5 :

By °3,°4 and by Prop. 2.1 — (1;) from Chapter VIII, we have
B(x,a!?y) = B(x,a!™, (a1 7%, y) ")
for all z,y € @ and for every sequence a} 2 over Q. Whence, by Def. 1.1

from Chapter I, we obtain
(Vy € Q)(Va; € Q)1 (a1 % y) ! = y.
The proof of °6 :
By °4,°5 and by Prop. 2.1 — (1,) from Chapter VIII.

The proof of °7 :
Firstly:
(R) B '(z,a}%y) = 2L B(r,a} ™2, 2) = y
for all ,y, 2 € Q and for every sequence a}? over Q.

Further: i
B(z,ai ™% y) =2 <5 B(x,al %y) =2

LoB(z,a12y) =2
BNz aly) =
LLB(z i x) =y

z

n—2

<O:3’>B(ya a; ’ l‘)
Remark: For n =2 B(x,a} % y) = B(y,a} 2, x) is the law (iv).

<L1B(y, ai %, )

8

The proof of °8 :
Let (@, {,¢,b}) be an arbitrary nHG—algebra associated to the n—group
(Q, B) [Chapter IV-2/. By Th. 4.1 from Chapter IV, there is a sequence
a}™? over ) such that
(M) r-y=A(r,af?,y) and
(4 pla) = Ale(a™?), z,a17%),
where e is a {1, n}—neutral operation of the n—group (Q, B).
By (M) and by °7, we have
(K) (VzeQ)(VyeQ)r y=y- .
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In addition, by (A) and by (iv), we obtain

() (VzeQ)p(x) = .
Finally, by (K), by (/) and by Def. 2.3 from IV, we conclude that the
statement °8 holds.

Sketch of the proof of °9 :

B x,ar ) =y 5B y,a @ =o
<& By a ) =
<(—L)>_1B(l‘ aital ) =y
< B(r.ai " al ) =y

<O——8>B(a§’1,x al ) =uy.
Finally: 1) By °4,°3,°6 and by °7, we conclude that Th.3.3 for n = 2

holds; and 2) By °4,°3,°6,°8 and by °9, we conclude that Th. 3.3 for n > 3
also holds. /See remark in the proof of °7/ O

4 Remarks

4.1. A variety of groups of the type < 2 > has been considered in [Higman,
Neuman 1952] [See, also [Cohn 1968] and [Kurosh 1967]/. The investigation
of this paper was extended in [Tasi¢ 1988] for groups, for rings and, more

generally, for 2—groups.

4.2. In [Furnstenberg 1955] a group is described as a groupoid (Q, B)
which satisfies one law (i.e. our (i) for n = 2) and in which the equality

B(a,x) = b has at least one solution x for each a,b € Q.

4.3. In [Usan, Gali¢ 2000] a class of (m,n)—rings with left and right zero
has been described as a variety of algebras of type < 3m +n —5,0 > . In
[Sorkin 1957| rings [(2,2)—rings / have been described as 3-groupoids with

one law.
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Chapter XIV

ON SEMIINVARIANT (INVARIANT)
n—SUBGROUP

1 Auxiliary propositions

1.1. Proposition [Usan 1994]: Let (Q,A) be an n—group, ~' its inverse
operation and n > 2. Then for all a,b € Q and for every sequence c¢i% over
Q the following equality holds
(€72, Ala, 2, 8)) 1 = A2, 5) L 2, (6% a) ),
Proof. Let e be an {1, n}—neutral operatlon of the n—group (@, A). Also,
let @ and b be arbitrary elements of the set ) and ¢}~ an arbitrary sequence
over (). Then the following sequence of equivalences holds
A(A(a, d2b), 52 x) = e(p2) &L
A2, Ala, &2, 0)) 7, 12, A(A(a, &2, b), &2, 2) =
A((e72, Ala, 472, b))*1 "_278(0?_2))1'31 g
r = (]2 Ala, c1 b))
and hence (c}2, A(a,c}™2,b))"! is a solution of the equation
(@) A(A(a,ci72,0), ¢/ 7% 2) = e(c] )
(for the unknown x) With regard to this, for every x € @ the following
sequence of equivalences holds
A(A(a C?iQ,b),C?f ) ) - e<cl )é’
Ala, 2 A(b, 2 2)) = e(c™ )L

(

A((er™ ,a>*l 7 Ala, 172 Ab, 7)) =

A((2,a)7 Y 72, elci” >>“””

Ab, &} 2, ) ( o) 1L

A((52,b) ! ?*%A(b,c’f*%x)):A(( 20)7 R (2 a) e
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v = A0 A2 (G2 a) ),

and hence we have

A(A(a, 72,b), ¢} 7% ) = e(c]?) =

z= A7 0) 7 7 (7 a) ™),

Thereby we conclude that A((cf2,0)7", ¢} 72, (¢} 2,a)7") is also a solution
of the equation (a). O

1.2. Proposition: Let (Q, A) be an n—group, ~*

its tnverse operation and
n > 2. Then for all z € Q and for every sequence a~2 over Q the following
equality holds
(ai™? (ai % 2) ™) = .

Proof. By Th. 1.3 Chapter III, for all # € @ and for every sequence a} >
over () the following equalities hold

(a1 2)7" a7, 2) = e(ai ™) and

(a1 2)7" a2, (@72, (@172, 2)71) ") = e(a?),

whence, by Def. 1.1 from I, we conclude that the Prop.1.2 holds. O

1.3. Proposition: Let (Q, A) be an n—group, ~' its inverse operation and
n > 2. Then for all x,y € Q and for every sequence ¢} 2 over Q the following
equality holds

A% 2) ™ y) = i =y = Az, 7).

Sketch of the proof.

A2 2) 2 y) = e £

Az, 72 A2 2) 7 72 y)) = Az, &2 ) 25
A(A(z, 72 (72 2)7Y), 72 y) = Ale, )&
Ale(cf™2), 12 y) = Az, 71 &

y=A(x, ). O
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2 Main proposition

2.1. Definition [Rusakov 1992]: Let n > 2, (Q,A) be an n—group, and
(H, A) its n—subgroup. Then: (a) (H,A) is a semiinvariant n—subgroup
of the n—group (Q, A) iff the following formula holds

(Vo € Q)(Yh; € H)y (Vh € H)(3h € H)A(h,h} ™2 x) = A(x, k]2 h);
and (b) (H, A) is an invariant (normal) n—subgroup of the n—group (Q, A)
iff (H, A) is a semiinvariant n—subgroup of the n—group (Q, A) and for all
x € Q the following equality holds

Alz,'H) = A(H, 2, H).

2.2. Theorem: [Usan, Zizovié 1999/1] Let (Q,A) be an n—group, ~" its
inverse operation, (H, A) its semiinvariant n—subgroup and n > 2. Also let
(1) 20y<LL(3n; € HY2(3Ih € H)A((hy2, )L b2, y) = h

for all x,y € Q. Then, 0 is a congruence on (Q, A).

Proof. Firstly, by (H,A) is an n—subgroup of the n—group (@, A), and
by Th. 3.1 (3.4 — (a;)) from Chapter III, we conclude that the following
statements hold:

1° For every sequence h} 2 over H, e(h} %) € H fforn =2 : e(0) € HJ;

2° For all A}~ € H, (h*~1)~! € H; and

3° For all hY € H, A(h}) € H.

In addition, we observe that under the assumptions the following state-

ments hold:

°1 6 is a reflexive relation;

°2 6 is a symmetric relation;

°3 # is a transitive relation; and

°4 For all a,b, 27" € Q and for every i € {1,...,n} the following im-
plication holds

afb= Az a, 2P YA b, 27,

The proof of °1 :
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By (1) and by Th. 1.3 from Chapter III, we have
vz < (3h; € H)"2(3h € H)e(h}?) =h
for all z € Q. Whence, by 1° [ (Vh; € H)!*(3h € H)e(h}™?) = hJ, we
conclude that the statement °1 holds.

The proof of °2 :

By Prop. 1.1 and by Prop. 1.2, we conclude that the following series of

implications holds

A((hy2 )" W2 y) = oy =

(W2 AR 2 2) 7 12 y)) ™ = () 7=

A2 y) ™ B2 (2, (W2 2) ™) 7Y = () TS

A((h =2 y) L R ) = () ™!
for all hi~! € H and for every z,y € Q. Whence, by 2° and by (1), we
conclude that the °2 holds.

The proof of °3 :

a) By Prop. 1.3, we have
A((RT 2 2)" RT3 y) = hyoy <y = Az, h7™') and
ARy ) LB ) =R e 2= Ay, B
for all z,y,z € Q, for every sequence h}~ over H and for every sequence

hyp_q over H.
b) The following series of implications also holds
y=Ale,hi™) Az = Ay k) =
2= AlA(, b)) =
2= Az, h7 2 A(h1, By 1)
for all z,y, z € () and for every h?‘l,ﬁf—l € H.
Finally, by a), b), 3° and by (1), we conclude that °3 holds.
The proof of °4 :

Firstly, by Prop. 1.3 and by (1), we obtain
(1) abb < (3h; € H)y "o = A(a, i)
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for all a,b € Q.

In addition, by (1) and by Def. 2.1 — (a), we conclude that the following
series of equalities holds

At b DA A, B, @0
HAET 0 AR @), 27
A a, Al b5 ), i)

[

= A(A(xT a, 2 ) W e, ).
Whence, by (1) and by °2, we conclude that for all a,b € @, for all i €
{1,...,n} and for every z7"' € Q the following implication holds
afb = Az a, 2P HOA(ZT b, 2.
Finally, by °1 —° 4, we conclude that Th. 2.2 holds. O
2.3. Remark: For n > 3 there exists an n—group (Q, A) together with its
congruence relation 6, such that for all Cy € Q/0 the following statement

holds: (Cy, A) is not an n—subgroup of the n— group (Q,A). Cf. 5.1-5.4
from Chapter VI.
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Chapter XV

SOME OTHER PROPERTIES OF n—GROUPS AND
CLOSE OPERATIONS

1 On power in n—groups

1.1. Definition [Usan 1999/2]: Let n > 2. Let (Q, A) be an n—group, e

its {1, n}—neutral operation and ~' its inverse operation. Then, we say that

a™ (m € Z) is the m—th power of the element a in (Q, A) iff
) 1def

(1

) A ) 2 1

(3) a dife( a ); and

(4) o (" )k > L

1.2. Remark: For n = 2, the conditions (1)-(4) reduce to the conditions

1) aldifa

(
(2) a1 Y A(ak, ), k > 1;
(8) aef=e(0); and
(1) a* < (aF)1 k> 1.

Let n > 3, (Q,A) be an n—group, ~! its inverse operation and e its
{1,n}—neutral operation. Let also a be an arbitrary element of the set @
and for all z,y € Q let

(5) 20y A(z,"a’ y),

(6) x_ldéf(naQ, r)~! and
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(7) egdéfe(nf).
Then, (Q,0) is a group with the inverse operation ~! and the neutral element
en. By the convention (5)-(7), the conditions (1)-(4) can be formulated in the
following way:

1) a* = q;
(2) a**t = d*0a, k> 1;
(3) a® = eq;and

(4) a7* = (a®)7, k> 1.
Hence, the following proposition is fulfilled:

1.3. Theorem [Usan 1999/2]: Let n > 3, (Q,{A,~',e}) be an n—group
as algebra of the type < n,n — 1,n — 2 > [Chapter III], a be an arbitrary
element from Q and (Q,{0,”* ,en}) the group defined by (5)-(7). Let, also,
Z be the set of all integers. Then: a™ (m € Z) is the m—th power of the
element a in the n—group (Q,{A,~*,e}) iff a™ is the m—th power of a in
the group (Q,{0,7 1 en}).

1.4. Theorem [Usan 1999/2]: Letn > 2, (Q,{A,~',e}) be an n—group
as an algebra of the type < n,n —1,n—2 > a be an arbitrary element from
Q. Let, also, Z be the set of all integers. Then for every a,aq,...,q, € Z
the following equalities i}lold

(8) A(a™,... a*) = a;aiH_H 2

(10) e(a, ... a2y =a ST

Proof. 1) Let a be an arbitrary element of the set @) and for all z,y € @ let
0y = A, e, y); (5]

(11) po(2) = A(e("a’), 2,"a”); and
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n
(12) bo™ A e("a’) |).
Whence, by Th. 3.1 from Chapter IV, we conclude that the (@, {0, ¢n, ba})
is an nHG—algebra associated to the n—group (Q, A).

2) We prove that under the assumption the following statements hold
1° For every m € Z we have pp(a™) = a'™;
2° bg = a~ ™ 2: and
3° For all a,z € () the following equality holds
("a", )" = ((po()D. .. Opl2(a)Dbs)020(po(a)0 . .. Opl(a)0bs)) 2.
The proof of 1°:

a)m=1:
pola’)  Zen(a)EAfe("a%),a,"a%)

pa(d) FAe("ad%), b, "a”)
k=1 (k—=1)(n—1)41, n—2

‘A e(nc_LQ), A( a ), a”)

= A(
2. n—2 k=1 (k—1)(n—
6.3:VIA(e( a2), az) ) ((k 1)(a 1)+1))
1

12111’“;1 <(k*1)(371)+1)
(02
c)m=
po@?) Doa(e("a”)
DAe("a’), e("a),"a")
Y o("q*) 2 g,
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pola™) ZA(e("a’), ("a®,a"), ")
VLT A A(("a%, akF)Y maE ak), ("t ak) M)
A(("a®, a) Y Ak, (M, ab) ), ")
L)) F=1 (k—1)(

The proof of 2°:
aOa @A(a, "4’ a)
L 40po(a)0. .. Ol (a)0bg
Qamgpm(al)m ... Opy 1 (at)Obg
L 40a0 . .. OaObg,

whence, by Th.1.3, we conclude that

b[] = Cl_(n_Q) .

The proof of 3°:
A(("a" )" x) = e("a”)EE
—2,4.2IV

("a’,2) "' Opu(a)D. .. Op2(a)ObyOr = e("a”) 2L
("a",2) " Oo(a)D ... Ol (a)bDz = (po(a)D... Opl~2(a)Bbo) Y,
whence, we conclude that the statement 3° holds.

3) Finally, by 1° — 3°, and by Th. 1.3, we conclude that for every
a,aq,...,a, € Z the following equalities hold
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A(a™, ..., a%) =™ 0...0a* 0g= "2
Z a;+2—n
= =1 ,
(@, ... a2 q*)t E(@0... Oa* 206" "2D0e*0¢* 0. .. Oa® 20
n—2
—a—2:(>" a;—(n-2))
a_(”_z))_l =a i=1 , and
e(aa17 ’ aan 2) 42[V( aq D Daan_g Daf(TL*Q))*].
— Z a;+n—2
=q =1 O

1.5. Remark: Forn = 2, the equality (8) reduces to the well-known equality
A(a®, a®?) = a®rto2,
Moreover, for n = 2, by convection zo: ;0. the equalities (9) and (10)
reduce to the well-known equalities =
(@)™ =a ™ and e(D) = a°,
where e(D) is a neutral element of the group (Q,A) and a € Z.
1.6. Remarks: a) Definition of the s—th n—adic power [Post 1940]': Let
n > 3 and let (Q,A) be an n—group. Let, also, Z be the set of all integers.
Then we say that a<*> (s € Z) is the s—th n—adic power of the element a

in (Q. 4) iff
(a) a <>y 5=,
(b) a<5>d€fA(sn 1)H), s > 0; and
(c) a >%l s <0, where A( _S(?L_l)) = a.

b) [Usan 1999/2]. a~*> = a* foralls € Z. c) [Post 1940]: A(a=%~,...,a~*>) =

a<srtetsn > for qll sT € Z.

The proof of ) :

Tg<0>@ O 1
25>0: a<% = © A(S " 1)+1)( L2 g1,
3s=—1: A(a<"."a 1)(C)a & A<>,"d" a) = q,

where, by Th. 1.3 from Chapter III and by Def. 1.1 from I, we conclude that

1See, also [Rusakov 1992].
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a<"> = e("a"). Hence, by (3) we have a<"> = a°.

_ k —k k(n—1)

ds=—k, k>2: A(a~™", a ) =a<+=
k n— k— n— n—
Ala=>, a2,( 2)(a 1)+17 az,a) a2

2 n— k=2 (k—2)(n— n—
A(a<—F>, a’, A (( R 1)H), a2,a) SO

2
_ n—2 1 n—2
A(a<7F> "a" a*"t "a” a) = a,

where, by Th. 1.8 from Chapter III and by Def. 1.1 from I, we conclude that
the following equality holds
("62 ah—1)1 <—k>

Hence, by (4), we have a<=*> = a=F+1,

The proof of ¢) : By Th. 1.4 and by b).

=a

2 Three more propositions on n—groups for
n>3

2.1. Theorem [Usan, Zizovié 2002/1]: Let n > 3 and let (Q, A) be an
n—groupoid. Then: (Q,A) is an n—group iff there are mappings o and 3,
respectively, of the sets Q"2 and Q into the set Q such that the laws

(1) AGAGD), 2251 = Ala, Aleg ™), 215,

(2)  Alz,ai afai™) = AQI %, a(bi ™), 2),

(3)  BA(x, % al(c}™?) =z and

(4)  BAMD) = AW, Bra)) = AS 2 Alwn-1), a)

hold in the algebra (Q, {A, o, 5}).

Proof. a) =: Let (Q,A) be an n—group and let e be its {1,n}—neutral
operation (n > 3). Whence, by Prop. 1.1 from Chapter IV, we conclude that
there is (n — 2)—ary operation a|= e|] and unary operation (|= {(z,z)|x €
(Q}] such that the laws (1)-(4) hold in the algebra (Q, {A, a, 5}).

b) <: Let (Q,{A, «,3}) be an algebra of the type < n,n — 2,1 > in
which the laws (1) — (4) hold. By the assumption that in (Q, {A, «, 5}) the
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laws (2) - (4) hold, we conclude that in (Q, {A, a, 5}) also the following laws
hold

(5)  A(z,ai™* fa(ai™)) = = and

(6)  AQI Ba(bi ), 2) = .

Since the laws (1), (5) and (6) hold in (Q,{A, o, 3}), by Prop. 1.1 from
Chapter XII, we conclude that (@, A) is an n—group. O

Cf. Chapter X.
Similarly, it is possible to prove that the following proposition holds:

2.2. Theorem [Usan, Zizovié 2002/1]: Let n > 3 and let (Q, A) be an
n—groupoid. Then: (Q,A) is an n—group iff there are mappings o and £,
respectively, of the sets Q"2 and (Q into the set ) such that the laws

(D) Al A(), 901) = A(2) ™A@z 1)),

(2)  Ala(ai™), a1 z) = Alz, a(by™?), 0072,

(3)  BA(a(ci™®), 7% a) = and

(4)  BA(a}) = A(B(21),25) = Az, B(x2), 75)

hold in the algebra (Q,{A, o, 5}).

2.3. Theorem [Usan, Zizovié 2002/1]: Let n > 3 and let (Q, A) be an
n—groupoid. Then: (Q,A) is an n—group iff there are mappings o and [3,
respectively, of the sets Q"2 and Q into the set QQ such that the laws

@) AA@D),225) = Ao, ™), a2i3)) ?

(2)  Alz,ai7 alai™?) = Ala(by?), b2, 2),

(3)  BA(x, % a(?) =z and

(4)  BA(z) = A", Blwn)) = A(B(z1), 23)

hold in the algebra (Q,{A, o, 5}).

Proof. @) =: Let (Q,A) be an n—group and let e be its {1,n}—neutral
operation (n > 3). Whence, we conclude that there is (n — 2)—ary opera-

tion a[= €| and unary operation 3|= {(z,z)|x € Q}] such that the algebra
(Q,{A, o, 3}) the laws (1) — (4) hold.

2or: A(z72, A(22"7?), won_1) = A(z772, A(221)).
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B) <: Let (Q,{A, a,3}) be an algebra of the type < n,n — 2,1 > in
which the laws (1) — (4) hold. By the assumption that in (Q, {4, a, 3}) the
laws (2) — (4) hold, we conclude that in (Q, {A, a, 3}) also the following laws
hold
(5)  Az,a? % Ba(ab?)) = 2 and
6)  A(Bau(by?),b77%2) = x.

Since in (Q, {A, e, 3}) the laws (1), (5) and (6) hold, by Th. 2.2 from Chapter
IX, we conclude that (@, A) is an n—group. O

3 On congruence classes of finite n—groups
for n > 3

3.1. Theorem [Usan 2002/2]: Let (Q,A) be an n—group, |Q| € N\{1}
and n > 3. Further on, let 6 be an arbitrary congruence of the n—group

(Q, A) and let Cift € Cy] be an arbitrary class from the set Q /0. Then there
k
is a k € N such that the pair (Cy, A) is a (k(n — 1) + 1)—subgroup of the

(k(n —1) + 1)—group (Q, 1121)3
Proof. The following statements hold:

°1If ({@, {:, ¢, b}) is an nHG—algebra associated to the n—group (@, A),
then for every k € N ({Q, {-, ¢,b*}) is a (k(n—1)+1) HG—algebra associated
to the (k(n —1) 4+ 1)—group (@, ﬁl) [Cf. the proof of Th. 7.1 from Chapter
VL.J

°2 Let (@, A) be an n—group, e its {1,n}—neutral operation and let
n > 3. Also, let # be an arbitrary element of the set Con(Q, A). Then for
every Cy € Q/0 there is a sequence ¢ over @ such that
(0) e(ci™?) =t (e Cy).
[Cf. Prop. 1.4 from Chapter IV.]

3Cf. Remark 2.3 from Chapter XIV.
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°3 Let the sequence ¢}~ 2 over @ satisfies (0) from °2. Then the algebra
({Q, {:, p,b}) defined with
(1) @y A@, G2 y),
@) pl@)ZAe(d?),,¢%) and

n

(3) bEACe( 7)) [= A(h)
is an nHG—algebra associated to the n—group (@, A). [Cf. Th. 3.1 from
Chapter IV.]

°4 (Cy,-) is a subgroup of the group (@, ). [Cf. the proof of Th. 5.5 from
Chapter VI./

°5 e(c}™?) is a neutral element of the group (Q,-). /Cf. Th. 1.3 from
Chapter III and by (1)./

°6 (3k € N)b* = e(c}™?). By (0),(1),5° and by |Q| € N.J

Finally, by °1 —°6 and by Th. 5.5 [—(i7i)] from Chapter VI, we conclude
that Th. 3.1 holds. O

4 The n—ary case of a Bruck-Hughes Theo-
rem

4.1. Theorem [Bruck 1946, Hughes 1957]* : Let (Q,-) be a groupoid with
a neutral element e, and let (Q),0) be a semigroup. Let also «, 3,7y be the

permutations of the set () such that

(0)  woy=rlalx) By)) for all z,y € Q.
Then (Q,0) is a semigroup with a neutral element®.

Proof.% Since (Q, o) is a semigroup, by (0), we have

4[Kurosh 1962].

SPrecisely: Then (Q, o) is isomorphic to (Q, -), whence (Q,0) and (Q, -) are semigroup
with neutral elements.

6[Hughes 1957].
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Y(a(y(aa- b)) - fe) = y(aa - B(y(ab- fc))),

whence, since 7 is a permutation in the set (), we obtain

(1) a(y(aa-BY)) - Ac) = aa - Bly(ab- Be)).

Putting aa = fc = e in (1), we obtain
@) al3(88) = Br(ab) for all be Q.

In addition, putting aa = e in (1) and using (2), we have

B(v(ab)) - Be = B(y(ab - Be)),

whence, putting ab = a and B¢ = b, we obtain

(3) B(vya)-b=F(y(a-b)) for all a,b € Q.
Similarly, putting Sc = e in (1) and using (2), we have

a(y(aa - fb)) = aa - a(y(6b)),
whence, letting a instead aa and b instead (b, we obtain
(4) a(y(a-b)) =a-a(yb) for all a,b € Q.

(2), (3) and (4), we have

Y(B(v(ea - 5b)))

Finally, by (o
a(y(B(aob)))

C

Q\/
~—~—
—~

—
w
=

1S
=

Il
— —~ /& —~
=
6
o}
8
)
[y

Iz
2
)

for all a,b € Q. O
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4.2. Theorem [Usan 1999/5]: Let (Q, A) be an n—groupoid, let (Q), B) be
an n—groupoid, let a, 3,7 be the (n — 1)—ary operations in the set QQ, and

let n > 3. Moreover, let the following statements hold:

(1) (Q,A) is an < 1,n > —associative n—groupoid;

(1o) (Q,A) is an < 1,2 > —associative [or < n — 1,n > —associative]

n— groupoid;

(2) (@, B) has a {1,n}—neutral operation e;

(3) For every sequence aj™*

y and ezactly one z such that

O‘(a?izv CE) = Qn—1, B<a71172’ y) = Qp—1 and ’7(@711727 Z) = Qn—1; and

over Q) there are exactly one x, exactly one
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(4) For all z,y € Q and for every sequence a2 over Q the following
equality holds

Az, at ™2, y) = v(ai™?, Bla(a? ™2, 2), a1 72, B(ai ™2, y)))-
Then (Q, A) is an n—group’

Proof. We prove that the following five assertions hold:

1° Let a2 be an arbitrary sequence over @ and let for all z,y € Q
(a) x-y= B(x,ay 2 y) and
(b) zoy=A(z,ai™%y).
Then (Q,-) is a groupoid with the neutral element e = e(a}™?), and (Q, o) is

a semigroup.

2° Let a2 be a sequence over @ from 1°. Also let for all z € Q

(©  aEYaai2), B, 2) and A:) Dy (ai ™, 2).
Then: a) for every z,y € @ the following equality holds

(d) zoy=A(a() - B(y)), and
b) a, 3, ~ are permutations in the set ().

3° Let a}~? sequence over ) from 1°(2°). Also let for all z € @
(©) Flat0)/Zalal 2 (a ™ 5lat 2 0).
Then for all z,y € @ the following equality holds
(f) F(ai™ Alz,ai ™, y)) = B(F(ai™* x),a1 ™" F(ai™",y)).
4° Let a}~? be an arbitrary sequence over @, let e be an {1,n}—neutral
operation in the n—groupoid (@, B) [(2)/, and let F be from 3° [:(e)/. Then,
the equation
(9)  Flai™2)=b
with the unknown z has exactly one solution in Q.
5° Let E be a mapping of the set Q"2 into the set @) such that for every

sequence aj~? over @ the following equality holds
(h)  F(a7™* E(ai™?)) = e(a! ™).

"ie., (Q, A) is an n—semigroup with an {1, n}—neutral operation (:Th. 2.1 from Chap-
ter IX.). Cf. Th. 4.1.
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Then E is an {1, n}—neutral operation of the n—groupoid (Q, A).
Sketch of the proof of 1°:

1) @-e(a™) 2B(.a

e(ai?) = ZBle(a

2) (woy)or QA(A(,a1y),al " 2)

1:”A< Al )

Sketch of the proof of 2°:
@) (roy) ZA

al % y)
@
7( ?

172 Bla(ai ™, 2),a17%, B(ai ™%, y)))
a(x) - Bw)).
b) By (3) and by (c).
Sketch of the proof of 3° :
By 1°,2° and by the proof of Theorem 4.1.
Sketch of the proof of 4° :
By (2), by 3°-(e) and by (3).
Sketch of the proof of 5° :
F(ay=?, Alx, a2, E(af=%)))*L
B(F(a{™% x),a!™*, F(a™? E(a]™%)))
B, 2), a1~ e(ai ) 2P (a1
where, by 4°, we have
A, a2 E(@2) = =
Similarly, we have
A(E(a}™?),af % 2) = x.
Finally, by (1), by 5° and by Th. 2.2 from Chapter IX, we conclude that
(@Q,A) is an n—group. O

®)

,LE),
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4.3. Reamark: Belousov V. D. and Sandik M. D. have proved the following
assertion [Belousov, Sandik 1966]: Let (Q, B) be an n—loop, n > 3 and let
(Q, A) be an n—group with (at least one) neutral element [cf. Chapter 1I-1].
Also let ay, ..., be the permutations in the set () such that for every
xt € Q the following equality holds

A(xh) = app1 Blag (1), .. .y ap(xy)).
Then (Q, A) is isomorphic to (Q, B).

5 On (m,n)—rings

5.1. Definition [Boccioni 1965, Cupona 1965, Crombez 1972/1]: Let (Q, A)
be a commutative m—group and m > 2. Let also (Q, M) be an n— groupoid
andn > 2. We say that (Q, A, M) is an (m,n)—ring iff for alli € {1,...,n}

n

and for every ai~!, b7 € Q the following equality holds
(0) M(ay", A(T"),ai™") = A( M(ay ', bj, a7 ) [72)®

1

5.2. Theorem [Usan, Zizovi¢c 1999/2]: Let (Q,A, M) be an (m,n)—ring
and let O the {1, m}—neutral operation of the m—group (Q, A). Then for all
i € {1,...,n}, for every a}~" € Q and for every sequence c""* over Q the

following equality holds
(1) M(a7",0(c"?),af™") = O( M(ay "\ cj,a77") |757)°

7 7 j=1

Proof. Let
(2) ANw, P y) = 2 ELAr, 7 2) = y

for all z,y,2 € Q and for every sequence ¢"2 over Q. Then the following

statements hold:

1° For alli € {1,...,n}, for every a}™',z,y € Q and for every sequence
2 over @ the following equality holds

8Cf. Appendix I-2.
def

=T =1
PM(ay a5 =0
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= A7 (o ) B el [ M (e} )

i

2° For all z € @ and for every sequence ¢{"~2 over Q the following equality
holds
AN @, o' a) = O(e' ™).

Sketch of the proof of 1°:
A($7 CT_Qa Z) =y =
M (™, A, o2, 2), a7 = My af )<
! 7jn:_12aM(ail_1azva?_1))

— M(a’fl, v, a"_1)<:>(2)

i

A_l(M(ailila x anil)v (M<a11717 j> an71> ‘ ;n:712’ M(aiilv Y, anil))

7 [

A(M (ay™ zya ™), M(ai ¢ja7 )

i

= M(ai!, 2 ar )<

)

A_I(M(ali_l’x7an_l)> (M(azl_17cj>an_1) e M(ai_l’y’a?_l))

7 Jj=1>

= M(ai ', A (2, "2 y),al ).

7

Sketch of the proof of 2°:
Az, &2, 0(c2)) e L&
AN @, "% ) = O(e' ).

Finally, by 1° and by 2°, we conclude that for all ¢ € {1,...,n}, for

1

every a? !, x € Q and for every sequence ¢["~2 over @ the following series of

equalities holds:
M(ai™,0(c! ), ar YEM (ai ™', A (w, %, 1), 0l )

7 s g

AN M (af @ ap ), Mat T egap ) [ M(ai T x,ap )

2° i— n— m—
=O( M(ay ' ¢j,a770) |757).

i j=

Remark: Form=n=2:a-0(0) =0(0)-a=0(0). O
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5.3. Remark: O is an {i, j}—neutral operation of the m—group (Q, A) for
every {i,j} C{1,...,m}, i <j. Cf. Def. 5.1 and Chapter V.

5.4. Theorem [Usan, Zizovi¢c 1999/2]: Let (Q,A, M) be an (m,n)—ring
and let — be the inverse operation in the m—group (Q, A). Then for all i €
{1,...,n}, for every a}~",b € Q and for every sequence ¢~ over Q) the

following equality holds
M(ay™' =72, 0),a77") = —( M(aT " ¢j,077") | 75% M(ay ™, b,ai ™).

7 j=1>

Proof. Firstly we prove that under the assumption the following statements
hold:

°] For all i € {1,...,n}, for every a}™*,b € @ and for every sequence
2 over Q we have

O( M(a’fl,cj,anfl) m’2) =

i j=1

A(M (@b, et T e, al ) |72, M(ad™, —(e =2, 0), a™).

i

°2 For all i € {1,...,n}, for every a}™*,b € Q and for every sequence

m

2 over @ the following equality holds
O( M(ay " ¢jai™") |757) =

i j=1
A(M(ail_lv b7 azT'L_l)a M<a11_17 Cjs a?_l) ;n:—lZ’ _( M(ai_la Cj, a?_l) 771_—2
M (a5, b,ap ™).

Sketch of the proof of °1 :

O( M(af T, ¢, af 1) |75 =M (!, O(cr2), af ) =1

M(ai A, 2, = (e, b)), a2

A(M (a7t b,a?™), M(ai™t cj,al™h) ‘}”:_12, M(ai™t, —(c2,0), ).
Sketch of the proof of °2 :

O( M(al % cj,af~T) |ma) &

AM (ay ', b,a770), M(ay ™ cjar ) 757 —( M(ai,¢5,07 ") | 757,
M(ai",b,ai ™).
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Finally, by °1 and by °2, we conclude that for all i € {1,...,n}, for every
a}™,b € Q and for every sequence ¢*~2 over @ the following equality holds

A(M (ay™,bya7 ™), M(ay ¢j,af ™) |57 My, —(c'7%,0), a7 7)) =
A(M(aliil’b?a?il)? M(allil7cj7aznil) ;’n:7127_< M(allilvcjva?il) ;’n=7127

M(ay", b, a7 ™)),

whence, by Def. 1.1 from Chapter I, we conclude that for all i € {1,...,n},

2

for every a7 ',b € @Q and for every sequence ¢ over @ the following

equality holds
M(ay™' =72, 0),a77) = —( M(aT" ¢j,077") [ 757 M(ay ™, b,af ™).

P

This completes the proof.

Remark: Form=n=2: a-(=b) = —(a-b). O

5.5. Remark: About the (m,n)—rings see also, for example, in: [lancu
1999] and [Paunic 1985].
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Chapter XVI

ON (n, m)—GROUPS, N P-POLYAGROUPS AND
POLYAGROUPS

1 On (n,m)—groups

1.1. Definition [Cupona 1983]: Let (Q,A) be an (n,m)—groupoid (A :
Q" — Q™) and let n > m+1 (n,m € N). Then: (a) we say that (Q,A)
is an (n,m)—semigroup iff for every 1,5 € {1,...,n—m+ 1}, i < j, the
following law holds
Al A ), 225) = Al A, a2

[:< 1,5 > —associative law/; and (b) we say that (Q, A) is an (n,m)—group
iff (Q,A) is an (n,m)—semigroup and for every a} € @ there is exactly
one sequence xi" over ) and exactly one sequence yi* over () such that the
following equalities hold

A(al™™, 27") = ag .y

pand A(yl", af™™) = ap_p, -

1.2. Remark: A notion of an (n, m)—group was introduced by G. Cupona in
[Cupona 1983] as a generalization of the notion of a group (n—group). The
paper [Cupona, Celakoski, Markouvski, Dimovski 1988] is mainly a survey on
the known results for vector valued groupoids, semigroups and groups (up to

1988).

1.3. Definition [Usan 1989]: Let (Q,A) be an (n,m)—groupoid and n >
2m. Let also e be a mapping of the set Q" 2™ into the set Q™. Then, we
say that e is an {1,n —m + 1}—neutral operation of the (n, m)—groupoid
(Q, A) iff for all 27 € Q™ and for every sequence ai*™ over Q the following
equalities hold
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Az, i7", e(ai ™)) = 2" and A(e(ay™*"),af ", af") = af".
Remark: For m = 1, e is an {1,n}—neutral operation of the n—groupoid
(@, A). Cf. Chapter 11-2.

1.4. Proposition [Usan 1989]: Every (n,m)—groupoid (n > 2m) has at
most one {1,n —m + 1}—neutral operation ({i,j}—neutral operation).

Cf. the proof of Prop. 2.3 from Chapter II.

1.5. Theorem [Usan 1999/3]: Let n > 2m,m > 2 and let (Q,A) be an
(n, m)—groupoid. Then, (Q, A) is an (n,m)—group iff there are mappings ~*
and e, respectively, of the sets Q™™™ and Q" *™ into the set Q™ such that

the laws
A(A@D), 2757™) = Alar, Alzs™), 235™),
A(A(z), a7q™) = At ™™, Alay500),
A2, ay 2™ e(ay™?™)) = 27 and
Az, i7", (a7 72", a) ) = e(ai ™)
hold in the algebra Q,{A,~1 e}).
See the proof in [Usan 2005/1].

1.6. Theorem [Usan 1999/3]: Letn > 3m and let (Q, A) be an (n, m)—groupoid.
Then, (Q, A) is an (n, m)— group iff there are mappings ~' and e, respectively,
of the sets Q"™ and Q2™ into the set Q™ such that the laws
(a) A(A(27),233™) = Alwy, Ay ), 275™),
( ) ( (al N m)v Tﬂdn Qm) _A(aTaA(bn ", T) di~ 2m>7
)

( (.171 aal
(d) A(zf,ay ™", (/" 2)"") = e(a] ")
hold in the algebra (Q,{A,~*, e}).
See the proof in [Usan 2005/1].

2 e(ay™™)) = 27 and

Remark: For m =1: (a) = (b).
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1.7. Theorem [Usan 1999/3]: Letn > 2m and let (Q, A) be an (n, m)—groupoid.
Then, (Q, A) is an (n, m)—group iff there are mappings ~* and e, respectively,
of the sets Q"™ and Q2™ into the set Q™ such that the laws

A(A(2}), 233" = Az, A(eh ™), 271™),
Ale(ay ™), at?™, 27) = 2 and

A(A(z, af 2", b7, ad ™", (a7 07) ) = !
hold in the algebra Q,{A,~1  e}).
See the proof in [Usan 2005/1].

1.8. Theorem [Usan 1999/3]: Letn > 2m and let (Q, A) be an (n, m)— groupoid.
Then, (Q,A) is an (n,m)—group iff there is a mapping ~* of the set Q"™
into the set Q™ such that the laws

A<A<x7ll)’ x7217}i-_1m> = A(l'lv A($g+l)> 333;—11-—2”1) 17
A((af ™, b) 7 a2 A, a7, at)) = 2t and
A(A(2, ai ™™, by"), af 7", (a7 72 07) 7Y = af!
hold in the algebra Q,{A,~'}).
See the proof in [Usan 2005/1].

The following two propositions also hold.

1.9. Theorem [Usan 2000]: Letn > 2m and let (Q, A) be an (n, m)—groupoid.
Then, (Q, A) is an (n,m)—group iff the following statements hold:

(1) (Q,A) is an < 1,n —m + 1 > —associative (n, m)—groupoid,
(ii) (Q, A) is an < 1,2 > —associative (n, m)—groupoid ?,

(1ii) For every at € Q) there is at least one 27" € Q™ and at least one
Yt € Q™ such that the following equalities hold

;Or: AT AR, 22nem) = Al A2 00))-

or: <mn —m,n—m+ 1> —associative (n, m)—groupoid.
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A(a’ib—m’ :LJIn) = aZ—m—&-l cmd A(yinu a?f—m) = a’g—m—l-l'
See the proof in [Usan 2005/1].

1.10. Theorem [Usan 2001/2]: Letn > 3m and let (Q, A) be an (n, m)— groupoid.
Then, (Q,A) is an (n,m)—group iff there isi € {m+1,...,n —2m + 1}

such that the following statements hold

(a) The <i—1,i > —associative law holds in (Q,A),

(b) The <i,i+ 1> —associative law holds in (Q, A) and

(¢) For every a} € Q there is exactly one z7* € Q™ such that

i—1 m . n—m\ __ . n
A(al y L1, @ ) — an—m—l—l‘

i

See the proof in [Usan 2005/1].

2 On NP-polyagroups and polyagroups

2.1. Definition [Usan, Gali¢ 2001]: Letk > 1, s> 1, n=k-s+1 and let
(Q, A) be an n—groupoid. Then: we say that (Q, A) is an N P—polyagroup
of the type (s,n — 1) iff the following statements hold:

1° Foralli,j € {1,....n} (i < j) ifi.j € {t-s+1)t € {0,1,....k}},
then the < i,j > —associative law holds in (Q, A); and

2° Foralli € {t-s+ 1|t € {0,1,...,k}} and for every a} € Q there is
exactly one x; € QQ such that the equality
n—1

A(a§_17 Ty, a; ) = anp
holds.?

2.2. Theorem [Usan, Gali¢ 2001]: Let k > 1, s > 1, n=k-s+ 1 and
let (Q, A) be an n—groupoid. Then: (@, A) is an N P—polyagroup of the
type (s,n—1) iff there are mappings ~' and e, respectively, of the sets Q™!

and Q"2 into the set QQ such that the following laws hold in the algebra

3For s =1(Q, A) is a (k + 1)—group, where k +1 > 3; k > 1.
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(Q,{A,~',e}) [of the type <n,n—1,n—2>]:
A(A(2), 2350 = Az, Alesih), o3i4),
A(z,a} % e(a}?)) =z and

Ala, a2, (a7, a)7") = e(ai ™).
See the proof in [Usan 2005/2].
Cf. Th. 3.4(-Tabl. 2) from Chapter III.

2.3. Theorem [Usan, Gali¢ 2001]: Letk > 1, s > 1, n=k-s+ 1 and
let (Q, A) be an n—groupoid. Then, (Q, A) is an N P—polyagroup of the
type (s,n —1) iff there are mappings ~' and e, respectively, of the sets Q™ *
and Q"2 into the set QQ such that the following laws hold in the algebra

Q,{A,71 e}) [of the type <n,n—1,n —2>]:

k—1)-s k—1)-s+n n— .5 n—
A(LCg ) 7A(‘rgk71§-s+l)7 x%kfll)-s+n+1> = A(,Z'If 7A(xi-s+11))7

Ale(a}™),at 2, 2) = x and

A((a7™?,a)7" a7, a) = e(a;™?).
Cf. Th. 3.1 from Chapter III.
2.4. Theorem [Usan, Gali¢ 2001]: Letk > 1, s > 1, n=k-s+ 1 and
let (Q, A) be an n—groupoid. Then, (Q, A) is an N P—polyagroup of the
type (s,n—1) iff there are mappings ~' and e, respectively, of the sets Q™!
and Q"2 into the set Q such that the following laws hold in the algebra
Q,{A, 7' e}) [of the type <n,n—1,n —2>]:

A(A(zh), 27 = Alaf, Asty), o),
Az, a7 e(ay?)) = x and

See the proof in [Usan 2005/2].
Cf. Th. 3.4(-Tabl. 6) from Chapter III.

The following two operations also hold.

k—1)-s k—1)-s+ n— .5 n—
401‘3 A($(1 ) ’A(xgk71;.2+?)’m?k711)~s+n+1) = A(I’f ’A(x;s-i-ll))'
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2.5. Theorem [Usan, Zizovié 2001]): Letk > 1, s > 1, n=k-s+ 1 and
let (Q, A) be an n—groupoid. Then, (Q, A) is an N P—polyagroup of the
type (s,n — 1) iff the following statements hold:

(1) (Q,A) is an < 1,n > —associative n—groupoid,

1) (Q,A) is an < 1,s + 1 > —associative n—groupoid or
g
(Q,A)isa<(k—1)-s+1,k-s+ 1> —associative n—groupoid, and

(7i1) For every a} € @) there are at least one = € () and at least one
y € Q) such that the following equalities hold

A(a?™' 2) = a, and A(y,a?™) = a,.
See the proof in [Usan 2005/2].
Cf. Chapter IX-3.

2.6. Theorem [Usan 2002/1]: Let k > 1, s > 1, n =k-s+ 1 and let
(Q,A) be an n—groupoid. Then, (Q,A) is an NP—polyagroup of the
type (s,n—1) iff thereisi € {t-s+ 1|t € {1,...,k — 1} such the following
statements hold:

(a) The < i—s,i > —associative law holds in (Q, A),

(b) The < i,i+ s> —associative law holds in (Q, A) and

(c) For every a} € @Q there is exactly one z € () such that

Ala ™t z, a1 = a,,.

See the proof in [Usan 2005/2].

Cf. Chapter IX-3.

2.7. Definition [Sokhatski 1998; Sokhatsky, Yurevich 1999]: Letk > 1, s >
I, n=Fk-s+1 and let (Q, A) be an n—groupoid. Then, we say that (Q, A)
is a polyagroup of the type (s,n — 1) iff the following statements hold:

°l For all i,j € {1,...,n}(i < j) if i = j(mod s), then the < i,j >

—associative law holds in (Q, A); and
°2 (Q, A) is an n—quasigroup.
2.8. Proposition: Fvery polyagroup of the type (s,n—1) is an N P—polyagroup
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of the type (s,n — 1). [By Def. 2.1 and by Def. 2.7.]
2.9. Theorem [Usan, Zizovié 2002/2]: Letk >1, s>1, n="k-s+ 1 and
let (Q,A) be an n—groupoid. Then, (Q,A) is a polyagroup of the type
(s,n — 1) iff the following statements hold:

(1) (Q,A) is an < i,s+i > —associative n—groupoid for alli € {1,...,s};

(17) (@, A) is an < 1,n > —associative n—groupoid;

(1ii) For every a} € Q) there are at least one x € ) and at least one
y € Q such that the following equalities hold

A(z,a}™") = a, and A(a}™,y) = a,; and

(1v) For every a} € Q and for allj € {2,...,s}U{(k—1)-s4+2,...,k-s}
there is exactly one x; € () such that the following equality holds
A(a{_l,xj, ag‘_l) = a,.
See the proof in [Usan 2005/2].
See, also Th. 3.2 —IX.
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About the expression a/

Let p € N, ¢ € NU{0} and let a be a mapping of the set {i|i € N, i >
p Ai < q} into the set S; @ ¢ S. Then:

Ap, - - ., Qg b <4q
al stands for ¢ a, P =q
empty sequence(=10) ;p>q.

For example: X(a{_l,Y(a§+"_l),a§1;1), jed{l,...,n}, n >3, for j=n
stands for X (ay,...,an_1,Y (apn,...,a2,-1)).

Besides, in some situations instead of af we write (a;){_, [briefly: (a;)?].
For example: (Vz; € Q)f for ¢ > 1 stands for Vz; € Q...Vz, € Q [usualy,
we write: (Va, € Q)...(Vz, € Q)], for ¢ = 1 it stands for Vz; € @, and for
g = 0 it stands for an empty sequence (= (). If al is a sequence over a set

S,p < q and the equalities a, = ... = a, = b (€ S) are satisfied, then
q—p+1
al is denoted by b

In connection with this, if ¢ — p 4+ 1 = r (when we assume that there would

be no missunderstanding),
. q—p+1 o
instead of b we write b.

In addition, we denote the empty sequence over S with b, where b is an

arbitrary element from S.
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On skew operation of an n—group

1. Definition [Dérnte 1928]: Let (Q, A) be an n—group and n > 3. Then:
we say that an 1-ary operation ~ is a skew operation of the n—group
(Q, A) iff for each a € Q following equality holds

(0) AC"a', @) = al

2. Proposition [Dornte 1928]: Let (Q, A) be an n—group and n > 3. Then
for alli e {1,...,n} and for every a € Q the following equality holds

A(d',a,"a") = a.

Sketch of the proof.

3. Proposition [Ddrnte 1928]: Let (Q, A) be an n—group and n > 3. Then
for all a,x € Q the equality
Alz,"d" @) =«

holds.
Sketch of the proof.
A(z,"ad" @) =y =
A(A(z,"a",a),"a") = A(
Alz,"a® A@,"a")) = A(y,"a") 2
1

Alz,"a’,a) = A(y,"a )22he =y, O

lor: @ = A='(a), where A~ (271 y) = 2EL AT 2) = v.
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4. Proposition: Let n > 3, (Q,A) be an n—group, e its {1,n}—neutral
operation, and ~ its skew operation. Then for all a € Q) the following equality
holds
a=e("a).

Sketch of the proof.

Alw,"a”, @)% « and A(z,"a",e("a”)) " ¢ =

Alz,"a’a) = A(z,"a’e("a’)2 a =e("a’). O

The following proposition also holds.

5. Theorem [Zizovié 1998]: Let n > 3, let (Q,A) be an n—group, e its
{1, n}—neutral operation and ~ its skew operation. Then for every sequence
al™? over Q the following equality holds
n—3 n— n—

e(al?) = A (Gp_o, agn,Q, ..., a1, a

).
k
[Cf. Th. 2.9 from Chapter VIII. For k =0 A(xilc(n—l)H)dg‘xL

n—groups (n > 3) as algebras of the type < n,1 > with laws were de-
scribed in [Gleichgewicht, Glazek 1967]:

6. Theorem [Gleichgewicht, Glazek 1967]: For n > 3 an n—semigroup
(Q,A) is an n—group iff there is a unary operation ~ in Q) such that the
following laws are satisfied:

A(m,naQ,a) =z, A(a, na2,x) =z,
A(x,nc_z3,6, a) =z, Aa,a, nC_L3,I) = 1.
n—groups (n > 3) as algebras of the type < n, 1 > with laws have been de-

scribed also, for example, in [Celakoski 1977], [Dudek, Glazek, Gleichgewicht
1977] and [Dudek 1995]. For example:

7. Theorem [Celakoski 1977]: For n > 3 an n—semigroup (Q,A) is an
n—group iff for every a € @ there is a unary operation ~ in Q) such that

for somep: 0 <p<n-—2and for some: s:0 < s <n—2 the following
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identities hold:

Aa,a, "h z) =z and A(z," 4 ,a,a) = .
[See, also [éupona, Celakoski 1980).]

8. Theorem (Hossziu-Gluskin Theorem): Let n > 3, (Q, A) be an n—group
and ~ its skew operation. Let also ¢ be an arbitrary element from the set @),
and let

| def n—2

z-y=Alx, c’y),

olx) 2 A(e,2,"c) and

=
for all x,y € Q. Then, the following statements hold:
(1) (Q,{-, ¢, b}) is an nHG—algebra, and
(i1) For every xy} € Q) the equality

A(at) =z p(z2) - " Hag) - D

holds. *
9. Remark: Some old unsolved problems connected with skew elements in

n—ary groups are discussed in [Dudek 2001].

2[Sokolov 1976].
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About embedding of n—groups into groups

1. Proposition [Post 1940]: Let n > 3 and let (Q;A) be an n—group.
Also, let T' be the set of all sequences over @) of finite length and let the
multiplication % in I be defined as the juxtaposition:

(1) ai * H=ai, b}
for all i, b € T; i,j € NU{0}. Further on, let 0 be a relation in T' defined

as the following equivalence:
k
2) abBLL (3yeT)(36eT)(Tke N)(A e N)A(y, a,8) =

l

A(v.8,96)
for all o, B € T, where |y, o, 0| =k(n—1)+1 and |v,8,8| =1(n — 1) + 1.
Then the following statements holds:

(7) (I';*) is a (well-known) semigroup with neutral element O (empty

sequence).
(i1) 00 Q.
(7i1) For all a € T\{Q} the following equivalence holds
k
al < (Fke N)(Fy € Q)A(a,y) =v.

k
[00 o (I e N)(Ty € Q)A(y, o) = y].
(1) 6 is a congruence relation in (I'; ).

(v) For every av € T' there is sequence 3 € T' such that the following
formula holds

axB3600.
Sketch of the prof. Firstly we prove the following statements:
i 1 Let l
Alci o d]) = A(c}, B, df).
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Then o

ktit i(n—1 i i 1j(n—1 IHit) i(n—1 i i 17(n—1
A ( 1( ) Clva7eﬁvb]1( )): A (al( )7617/67djl7bj1( )>7
where al( "1 and bjl("fl) are arbitrary sequences over ().

5 Let

k= ) - ~ 1 = ) = ~
A(Czl(n—l)—i—l’/é@l_l’a’djl(n—l)—‘rl’d{—l) _ A(Czl(n—l)-i-l’A@l_l’ﬂ7d{(n—l)+1’djl—l)7
where 1 <i<mn—1and 1< j <n—1. Then there are c € Q and d € Q

such that the following equality holds
k—i—j 1—i—j

J A
A, a,d, T = A(e, 7Y B d, 7.

i %Let l

A(Ciaaivdjl) = A(Clhbiadjl)v

,J,t,s € N. Then

k ~+1 ¢+ -1 ! ~+1 -1

A(ET ay, dy ) = A(E, b1, d1 ) and

k o .

A(Cl ) 1>d]+1> - A(/c\(bl_lvbiqad{+l)

i 4Let l

A(ch.af df) = A(c]. b d):

1,7,t,s € N. Then

ko _ l .

A(Ezlﬁali’djl) :7{4(6217 i?d?l)’

where ¢ and d‘i, are arbitrary sequences over (.

Sketch of the proof of 1:

k !

{l(cl,a dl) A(et, B, d])

7 P l . .
A"V, Ael, e, d])) = A", Ach, B, df)) !
HE A1) gy _ W i1 g

A (al ¢ o d) = A(al ¢, B,dy) =

itk

(A Y e agd]), ") =

l

(azln 1) Cl,,B d]) b]n 1))63 I
+3 ,
J( D o dl), V) =

A (ai( ) et B, di bl

[ ::;u.\

:ﬁ 55“
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Sketch of the proof of 2.

(A(Cfl(nfl)Jrl 62f1’a’d1(n—1 )+1 d]fl) _
A Cgl(n 1)+1 Ni 1 ,6 d]n 1)+1 d] 1)63:>VI

A< i(n— 1)+1),A¢_ A(dg(n 1)+1) d] 1)

Sketch of the proof of 3
y Lo .
a) j > 2 A(cl,oz &’ ) Ald, B, d]) =
L .
A(€1 A(Cl,a dJ) @2 1) — A(€1,A(Czl,ﬁ,d]) 6121—1>6.3VI

k41 I+1
2 n-t ; 2 n—116.3V.1
A (e, ¢}, a d] d’ )= Aley, d,, B, dj ,d; ey )=

y Wg— e

k ‘ - B I .
Aler,ci o, d2 A(d_y 657 Y) = Aler, &, B, df 2 A(d)_y,e57 1)) =
k l
A(NH_l d] 1) A(/*H-l ﬁ d] 1)
where E‘iﬂ = ey, ¢t and d]1 Y=l 2,A(d§ ey h.

k. [

b) j=1: Ac}al.d) = A(c}, b, d) =
ko
!

Ale, A(¢;, b5, d), 172 e(d, =) 22
k+1
A (Ca Cl7a17d7 e?igae<d7 6?73)) =
+ .
A(c cLbsd, e?_?’,e(d 671‘_3))6’3:‘/1
(C claal ! A(atad 61 7e(da 6711—3))) =
(c,ci, by A(bs>d e e(d, el %)=
(c,ct,ai™ ay) = A(c bl b)) =

!
@, al,0) = A, 03,0).
where ¢;11 = ¢, ¢}.

A e s s

k - . = . = —~
A a, VT AT = AT B
k

181
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The proof of the second part of the statement is similar.

Sketch of the proof of 4

~

(@, E(@f(ff”’l, &), ( ”*1, A
) ix(ci,bi,d{»&é»
A B ), el e d]) =
tﬁl(ﬂ‘ E(eszl)ilaczi)ae§f171)71>621a d])G
E(eft V! c§>,eﬁi?f”‘1 ¢, ar), ab,df) =

n—1)—1 n—1)— s 21[[64\/[
E(ezil ) 701)761;Sr1 Club1> b27dj)

) . L
Ell, ai, a’;, djl) = A(ﬁl, bl, b;, d{) ~

‘ . r .
(et ) = AL 1. d)),
where E is an {1,¢(n — 1) + 1}—neutral operation of (t(n — 1) + 1)— group;
1<i<t(n—1)—1.

The proof of the second part of the statement is similar.

Sketch of the proof of (ii) :
060 BA@,0,ap,) = Alal,0,a%,)
& Ala}) = Ala),
i€{0,...,n}; for i =0, a} =0, and for i = n, af,; = 0.

Sketch of the proof of (m) :

) k
Aley) =y 2L Ao, Al = A
G.é_‘/{tzk(a,xlf(n 1)+1) jjl(xk(n 1)+1)
t+k g 1)+1
A0, 2y = A®D,0, 2570

<(:>ou9@.

An example of a nonempty sequence which is equivalent to the empty

sequence is:
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1 ) 1

2 (2),,_ (1) y—2\16.3V 1
A(yaal , @ g 7e(a1 2),8(611 2)) =

(1), 1) (2),,— (2),,— (1), _o\\3.41IT
A(ya(a)l 5724)(an 27(%1 2,8(611 2)),8( 1 2)) =
1), 1 1)
A(ya a? 37 an727e(a 1 2)) -
1), — (1) p—o\~2.17T
Aly, a7 e(ay7?) =

Sketch of the proof of (iv) :
k k
a) o f a&A(é, a,p) = A0, a, ).

b) a0 B<L(3k € N)(El € N)(3y € T)(35 € D) A(y, @, 8) = A(v, 8, 6)
s (3k € N)El e N)(3y € T)(36 € D)A(y, 8,8) = Aly, ., 8)

280 a.
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¢) There exsist k,l,1,t,t € N and 8,8,¢p,% € I' such that the following

sequence of implications equivalences holds:
afBABOIyLEL
l _ - _ 1.4
(8.cx,0) = A(8,B,) N A(B,B.p) = A(d, 7, )=
~ U I t o
(3.0.) = A(3.8,8) N A3, B, @) = A(B.v.9) =

~ t
(8,0, ) = A(8,7. )< a0 .

) e
N

RNE DR NE D N

d) There exist k, k&, k,1,1,1,t,7,t € N and ~,7,7,8,8,8 € T such that the

following sequence of implications (equivalences) holds:

afansoisl

k _ I o % R ] oo
Ay, .8) = A(y.@.8) AA(. 8,6) = A7, B, 8=
IS(V,CV,,B, 6) = A(’)’,E,,@,(S) /\ A(’Yvav/gaé
t _
ft()%a,ﬁ, d) =A(v,@,3,8) =
2

< axBlaxp.

Sketch of the proof of (v) :
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Let

ae—(a)711 2‘, W (te NU{0}, 0<i<n—2)
j=
be a sequence over . Also, let e be {1, n}—neutral operation of the n—grup
(@Q; A). Further on, let

(4) p—alt i i () (1)
€= 0, 2’4 blv z+1 <b1a z—‘,—l) e(a’ 2)7"'ae(a’1 2)-

Then € 6 ().
2. Proposition [Post 1940]: Let n > 3, let (Q; A) be an n—grup and let

(s %) be the semigroup from Prop. 1. Also, let 6 be the congruence relation
in (I'; %) [from Prop. 1]. Finally, let for all C(a),C(B3) € I'/0

() Cla)-C(B)<Claxp).
Then (I'/0;-) grupa.

Proof. 1) (T'/#;-) is a semigroup [since (I'; *) is a semigroup/.
®3) 1(3)
2) C(e) - C(0)20 (e x 0)Lax
)

3) By the proof of 1-(v) we have

c@) oe)
Dl(ax e, e(th i), efa i ). . (adr)

90 () - Ol et oD, .. (179,

Whence, C(c'2 e(bl, i), e((a)’f 5, ((a)’f %)) is the right inverse ele-

ment of the element « with respect to the right neutral element C()) of

(I'/6;-).

4) Finally, by 1)-3), we conclude that Prop.2 holds. O

(t)

—
=

3. Theorem [Post 1940]: Let n > 3, let (Q;A) be an n—grup and (I';-)
/déf(F/H' -) | the group from 2. Also, let (I'; A) be the n—grup defined by
(4) Aoy ... -,

for every o € T'. Then there is an n—subgroup (Q; A) of the n—grup (I'; A)
such that (Q; A) and (Q; A) are isomorphic.

Remark: We say that the group (I';-) is a covering grup of an n—grup
(Q; A). Furthermore, Th. 3 has also the following formulation: Everyn—grup
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(n > 3) has a covering group.

Proof. Firstly we prove the following statements:

°l (T; A) is an n—semigroup;

°2 There exist bijective mapping F' of the set @) to the set Qdéf{C' (x)|z €
Q} [C(x) € T'/6 ] such that for all 27 € @ the following equality holds

FA(x}) = A(F(21), ..., F(z,)); and

°3 The n—grupoid (Q;A) f2/ has an {1,n}—neutral operation E such
that for all a7 2 € Q the following equality holds

Fe(a?™?) = E(F(a1),...,F(an_2)),
where e is an {1, n}—neutral operation of the n—group (@; A) and F is from
°2.

Proof of °1 : By (4) and by Prop.2.
Proof of °2
1) Every a € I'/0 has at least one sequence of length one.
Indeed:
a)yeCz)eyba

@3k € N)(3a € I)(3B € T A(a,y, B) = A(a, 2, B); and
b) zlzl(a, y,B) = zlzl(a, 2, 8) %y =z

2) Let
F(2)20(x)
for all x € Q. Then, by 1), F'is a bijection from the set Q) to the set Q.
3) Let
AC(a),....Cla)¥C(a) ... Clay)
for all af € Q. Then
FA(a}) = A(F(a),. .., F(ay))
for all af € Q.
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Indeed:

@) b=A(ar) ESAb, 1Y) = A(A(a}), 277
WA (b, a5 ) = Ala?,af )
s AW, b, 7Y = A, an, 27 )
ONY af

b Cb) Zo(ap)

o) C(A(@)) ™ 2c(ar) - ... Clay).
By ¢),2) and (4), we have
FA(a}) = A(F(ay),...,F(ay))
for all a} € Q.
Proof of °3 :

Let e be an {1,n}—neutral operation of the n—grup (Q; A). By 3.4-111,
we have

(a) A(x,ay 2 e(a}?)) = and

(b) Afe(ar” 2) a7 w) =

for all x,a} ™2 € Q. Whence, by °2, we conclude that the following equalities
hold

(@ =A(F(x),F(a),...,F(ay,—), Fe(ai™*)) = F(x)
(0) A(Fe(ai™), F(ar),. .., Flan—2), F(x)) = F(z)
for all z,a} ™2 € Q.

In addition (by F' bijection) let

EG ) E Fe(F ' (by), ..., F~ (b))
for all 72 € Q, i.e.

(5) Fe(ay™?) =E(F(ay),...,Fla,_2))
for all a}~? € Q. Furthermore, by the substitution of (5) in (@) and (b), we
obtain
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Ay, b7 E(b{ ™) =y and

AET), b2 y) = y;
Yy = F($), bl = F(al), N ,bn_g = F(a,n_g).

Finally, by Th. 2.2-IX and by °1 —° 3, we conclude that Th.3 holds. O

4. Remark: Let a 0 8. Then ||a| — |B|| = t(n — 1),
where t € N U {0}.

Indeed:

By (2) from Prop.1, we have
k

Aly, @, 8) = Ay, B,6).

lv,a, 8| =k(n—1)+1 and

lv,8,0| =1(n—1)+1.
Also let k > 1. Then we obtain:

v, 8] = |7,8,68] = (k= 1)(n—1) and

V., 8] = [v.8,8] = 7| + o] +[6] — (|v] + |B] + [6])
= |af —|8].

Finally, whence we conclude that the following equality holds
= |la| = [8I] = t(n — 1),

where t € N U {0}.
5. Proposition [Post 1940]: Let n > 3, (Q; A) be an n—grup and (T';-)
/déf(F/G; -) ] be a group from Prop.2 [coverning group of an n—group (Q; A)].
Also, let

Hdéf{a|a§ FasaA |laj=tn—1) AN t e NU{0}}.
Then (H;-) is a normal subgroup of the group (I';-). Moreover, for alla € Q

the following equality holds
aH = Q.

Sketch of the proof.
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Appendix 3
(i)n_Q k () n—2 ¢ _ ( )n—2 k (j)n—2 !
a) af ¥ b ‘j:l = o b1 ’j:l and
() ok (j)n_ l
@y 08I = (ke D=1,

b) Let € be the neutral element of the group (T';-). Then, for example

—~

’

i) ot B D),
aq 2’i:17e<a1 2),...,e(a1 2)

see (ii7). Whence, by

(4) p—o|t (B)p— (D),

|a1 2’i217e<a1 2),...,8((1,1 2)‘ =t- (Tl— 1)7
we conclude that e v H.

c) Let
(1) p—oa|t
40 (te NU{o})
be an arbitrary sequence from arbitrary a € H.

Then,
-fort<n—2
WP bRt ) e(@ ). e(dh ) e,
-fort=n-—2
A1 e, )e(@r ), e(dh?) € e and
-fort >n—2
AP (b1, e ) e(@ ), e(d ) e e

d) By a) — ¢), we conclude that (H;-) is a grup.

e) Let h be an arbitrary sequence from an arbitrary h € H. Also, let a
be an arbitrary sequence from an arbitrary a € I', and ¢! € a=! € T". Then:
la ha™t| € {t(n —1)|t € NU{0}.

Finally, by propositions 1-5 and the proof of 1-5, we obtain:

6. Theorem [Post 1940]: Let n > 3, let (Q; A)be an n—group, (I';-) its cov-
erning group and (H;-) a normal subgroup of the group (H;-) Then:(T'/H;)
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is a finite cyclic group,Q its generator, |T'/H| |(n — 1) and for every x7 €
Q,A(x}) =z ... T,

Remark: For the proofs of Th.6 see also in books: [Bruck 1958], [Belousov
1972] in [Gal’'mak 2003]. Cf. also the book [Kurosh 1974].
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